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Introduction 
 
Integral calculus plays a very important role in economics in particular in 

problems concerning the optimum management and plans. Therefore the 
deep knowledge of this section of mathematical analysis and linear algebra is 
necessary for modern economists.  

In the guidelines, only the most principal topics of integral calculus are 
stated in brief.  

The present guidelines are the continuation of the part where the no-
tions of differential calculus were discussed. By means of these notions, the 
notions of the indefinite integral and the antiderivative of the function being 
the most fundamental ones in mathematics can be introduced. 
 

Guidelines for the Indefinite Integral 
 
Let us consider the inverse problem: the derivative of a function is giv-

en, it is necessary to find this function. In our case we are given a function 
( )xf , which is the derivative of a certain function ( )xF , that is ( ) ( )xfxF =′  

an it is required to restore the function ( )xF . 
Definition. The function is an antiderivative (or a primitive function) of 

the function ( )xf  on an open interval ( )ba,  at any point of this interval. The 

function ( )xF  is differentiable, where ( ) ( )xfxF =′ . Instead of the open in-

terval ( )ba,  we can consider a closed interval or a half-interval. 
Let us as see whether or not the antlderivative is determined for a func-

tion in a unique manner. 
Let us formulate the key theorem on antiderivatives. 
Theorem. Every continuous function possesses an indefinite number 

of antiderivatives, any two of them only differing by a constant. 
Proof. Let ( )xF1  and ( )xF2  be antiderivatives of a function ( )xf  on an 

open interval ( )ba, . Then ( ) ( )xfxF =′
1  and ( ) ( )xfxF =′

2  on this interval, 
that is 

 

( ) ( )[ ] ( ) ( ) 012 =−=′− xfxfxFxF  
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and the function ( ) ( ) ( )xFxFxF 12 −=  is constant: ( ) СxF = , that is, 

( ) ( ) СxFxF += 12 . On the other hand, if С  is an arbitrary constant, and 

( )xF  is an antiderivative of the function ( )xf  of the interval ( )ba, , then ob-

viously, the function ( ) СxF +  is also an antiderivative of the function ( )xf  

on the interval ( )ba, . Thus the entire set of antiderivatives of the function 

( )xf  on the interval ( )ba,  is contained among the functions of the form 

( ) СxF + , where С  is an arbitrary constant. 

Definition. The collection of all antiderivatives of the function ( )xf  is 

called the indefinite integral of ( )xf  (written as: ( )dxxf∫ ). The sign ∫  is 

termed the integral sign, the expression ( )dxxf  is the integrand expression, 

the function ( )xf  is the integrand (or the integrand function), and the variable 
x  is the integration variable. 

We will write ( ) ( ) CxFdxxf +=∫  if any corresponding antiderivatives 

differ by a constant: ( ) ( ) CxFxF += . 
Let us note the following obvious properties of indefinite integrals: 
1) a derivative of an indefinite integral equals an integrand:  
 

( )( ) ( )xfdxxf =′∫ ; 

 
2) a differential of an indefinite integral equals an integrand expression: 

 
( )( ) ( )dxxfdxxfd =∫ ; 

 
3) if ( ) ( )xdFdxxf = , then ( ) ( ) CxFxdF +=∫ ; 

 
4) the indefinite integral of a sum (or difference) of a finite number of 

functions is a sum (or difference) of the indefinite integrals of these functions: 
 

( ) ( )[ ] ( ) ( )dxxgdxxfdxxgxf ∫∫∫ ±=±  

 
and applying the rule for differentiating a sum to the right member of equality  
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we obtain: 

( ) ( )[ ]( ) ( )( ) ( )( ) ( ) ( )xgxfdxxgdxxfdxxgxf ±=′±′=′± ∫∫∫ , 

 
which coincides with the integrand on the left-hand side of the equality, i.e. 
with its derivative; 

5) a constant factor in the integrand can be taken outside the sign of 
the indefinite integral: 
 

( ) ( )dxxfkdxxfk ∫∫ ⋅=⋅ , where constk = . 

 
Indeed, the derivative of the right-hand side of the equality, i.e. 
 

( )( ) ( )xkfdxxfk =′⋅ ∫    and   ( )( ) ( )xkfdxxkf =′∫  

 
is equal to the derivative of the left-hand side; 

6) ( ) ( ) CkxF
k

dxkxf +=∫
1

. 

Indeed,  
 

( )( ) ( )kxfdxkxf =′∫ , ( ) ( ) ( ) ( )kxfkxfk
k

kxF
k

CkxF
k

=⋅⋅=+′=
′






 +

1011
, 

 
that is the derivative on the left-hand side is equal to the derivative on the 
right-hand side; 

7) ( ) ( ) CbkxF
k

dxbkxf ++=+∫
1

, where bkx +  is a linear function. 

Indeed,  
 

( )( ) ( )bkxfdxbkxf +=′+∫ ,  

 

( ) ( ) ( ) ( )bkxfbkxfk
k

bkxF
k

CbkxF
k

+=+⋅⋅=++′=
′






 ++

1011
. 
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The Theorem of the Invariance of the Integration Formula 
 

Let ( ) ( ) CxFdxxf +=∫  be any given integration formula and ( )xu ϕ=  

be any function possessing a continuous derivative. Then 
 

( ) ( ) CuFdxuf +=∫ . 

 
Proof. From ( ) ( ) CxFdxxf +=∫  it follows that ( ) ( )xfxF =′ . Now take 

the function ( ) ( )( )xFuF ϕ=  by the theorem on the invariance of the form of 
the first differential of a function, its differential is 

 

( ) ( ) ( )duufduuFudF =′= . 
 

Hence, ( ) ( ) ( )uFudFduuf ==∫∫ . 
 

The Basic Table of Integrals 
 

1. 
1

, 1
1

n
n xx dx C n

n

+

= + ≠ −
+∫ . 

2. Cx
x

dx
+=∫ ln . 

3. Cxdx +=∫ . 

4. Cdx =⋅∫0 . 

5. C
a

adxa
x

x +=∫ ln
, ( )1,0 ≠> aa . 

6. Cedxe xx +=∫ . 

7. Cxxdx +−=∫ cossin . 

8. Cxxdx +=∫ sincos . 

9. Cxxdx +−=∫ coslntg . 

10. Cxxdx +=∫ sinlnctg . 
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11. Cx
x

dx
+−=∫ ctg

sin2 . 

12. Cx
x

dx
+=∫ tg

cos2 . 

13. Cx
x

dx
+=∫

2
tgln

sin
. 

14. Cx
x

dx
+






 π

+=∫
42

tgln
cos

. 

15. 




+−
+

=
+

∫ Cx
Cx

x
dx

arcctg
arctg

1 2 . 

16. 










+−

+
=

+
∫

C
a
x

a

C
a
x

a
xa

dx

arcctg1

arctg1

22 , ( )0>a . 

17. 




+−
+

=
−

∫ Cх
Cх

x

dx
arccos

arcsin

1 2
  

18. 










+−

+
=

−
∫

C
a
x

C
a
x

xa

dx

arccos

arcsin

22
, ( )0>a . 

19. C
ax
ax

aaх
dx

+
+
−

=
−

∫ ln
2
1

22 ,  ( )0≠a . 

20. Caxx
ax

dx
+±+=

±
∫ 2

2
ln ,  ( )0≠a . 

 
Integration with the aid of the table of basic indefinite integrals is called 

the direct integration.  
Let's consider two examples of this method. 
Example 1. Find the integral: 
 

===





 −+ −∫ 3

33
2 1:propertytheapply

2
72 x

x
dxe

x
x x  

7 



==





 −⋅+= ∫ − 6and1integralstabularuse

2
72 32 dxexx x  

СexxСexx xx +−−=+−
+−

⋅+
+

= −
+−+

23
1312

4
7

3
2

132
7

12
2 . 

 

Example 2. Find the integral: ∫ xdx3cos2 . 
Solution. Here we reduce the degree of the integrand, i.e. 

( )xx 6cos1
2
13cos2 +=  and substitute it under the sign of integral 

 

∫ xdx3cos2 ( ) ( ) ∫ ∫∫∫ =+=+=+= xdxdxdxxdxx 6cos
2
1

2
16cos1

2
16cos1

2
1

 

 
applying tabular integrals 3 and 6 and property 6 and we get 
 

CxхCxх ++=+⋅+= 6sin
12
1

2
16sin

6
1

2
1

2
1

. 

 
Change of the Variable (Substitution) in the Indefinite Integral 

 
Let the function ( )xF  be an antiderivative of the function ( )xf  on a 

closed interval [ ]ba, , and let the function ( )tx ϕ=  attains values on the inter-

val [ ]ba,  for [ ]βα ,∈t . If the derivative of ( )tϕ  exists, then, by the formula 
for differentiation of a composite function, we have: 

 
( )( ) ( )xFtF ′=′ ϕ    or ( )( ) ( )( ) ( )ttftF ϕϕϕ ′=′ . 

 
Therefore, the function ( )( )tF ϕ  is an antiderivative of the function 

( )( ) ( )ttf ϕϕ ′  for [ ]βα ,∈t  that is 
 

( )( ) ( ) ( )( ) ( )( ) CtFdttFdtttf +=′=′ ∫∫ ϕϕϕϕ    for   [ ]βα ,∈t . 
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Let us put ( )( ) ( )∫=+ dxxfCtF ϕ  if ( )tx ϕ=  and therefore, we get the 

following formula for change of variables in the indefinite integral: 
 

( ) ( )( ) ( ) ( )( ) ( )∫∫∫ =′= tdtfdtttfdxхf ϕϕϕϕ . 

 

Example 3. Find the integral: ∫
+1

2
2х
хdx

. 

Solution. If we suggest that tх =+12  then the numerator хdx2  is 
readily dt  and the integral is reduced to 

 

∫
+1

2
2х
хdx

( )
==

=

′
+=

′=

+=

= ∫ t
dt

xdxdt
dxхdt

dxtdt

хt

2
1

1

2

2

 

 
It is the tabular integral, then 
 

=+= Ctln  
 

Let us get back to the previous variable by substitution tх =+12 : 
 

Cх ++= 1ln 2 . 

 

Example 4. Find the integral: ∫ xdxx cossin3 . 

Solution. Because ( ) xdxxd cossin =  and assuming xt sin=  we 

transform the integrand expression ( ) dttxxdxdxx 333 sinsincossin ==  
then 

∫ xdxx cossin3

( )
==

=′=

′==
= ∫ dtt

xdxdtdxxdt

dxtdtxt 3

cos,sin

,sin
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It is the tabular integral, then 
 

=+= Ct
4

4
 

 
Let us get back to the previous variable by substitution xt sin= : 
 

Cx += 4sin
4
1

. 

 

Example 5. Find the integral: ∫ − dxх21 . 

Solution. Let tx sin= , then ( ) tdtdttdx cossin =′= , substitute it in the 
integrand expression 

 

∫ − dxх21 ( ) ( ) ∫∫∫ ===−= tdttdtttdtt 222 coscoscoscossin1  

 

applying the formula 
2

2cos1cos2 tt +
=  we get 

 

( ) =+⋅+=+=+=
+

= ∫∫∫∫ Cttdttdtdttdtt 2sin
2
1

2
1

2
12cos

2
1

2
12cos1

2
1

2
2cos1

 
returning to x  we must use that xt arcsin= : 
 

( ) =++= Cxx arcsin2sin
4
1arcsin

2
1

 

 
and we know that ααα cossin22sin = , then  
 

( ) ( ) ( )xxx arcsincosarcsinsin2arcsin2sin =  
 

and ( ) xx =arcsinsin , ( ) ( ) 22 1arcsinsin1arcsincos xxx −=−= , we write 
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( ) ( ) CxxxCxxx +−+=++= 21
2
1arcsin

2
1arcsincosarcsinsin

2
1arcsin

2
1

. 

 
In many cases the substitution ( )xt ψ= , where ( )xψ  has the inverse 

function ( )tx ϕ= , is more convenient. 

Example 6. Find the integral: ∫ х
dx

sin
. 

Solution. Representing 
2

cos
2

sin2sin xxx =  and using the change of 

variables tx
x

x

==
2

tg

2
cos

2
sin

, where the denominator of the integrand is divided 

and multiplied simultaneously by 
2

cos x
, we get 

 

∫ х
dx

sin ∫∫∫ ====

2
cos2

2
sin

2
cos

2
cos

2
sin2

2
cos

2
cos

2
sin2 22 x

dx
x

x

xx

dxx

xx
dx

 

 

where 
tx

x
1

2
sin

2
cos

=  and 

2
cos2

2
cos

1
2
1

2 22 x
dxdxxdtxtgdt ==

′






= , we obtain 

 

∫ == dt
t
1

 

 
It is the tabular integral, then 
 

=+= Ctln  

Let us get back to the previous variable by substitution 
2

tg xt = : 
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Cx
+=

2
tgln . 

 

Example 7. Find the integral: ∫ х
dx

cos
. 

Solution. Assuming tx =+
2
π

, dtdxx =
′






 +

2
π

 or dtdx =  and writing 







 +=

2
sincos πxx  we obtain the integral that is analogous to the previous 

 

∫ х
dx

cos
=+






 +=+==







 +

= ∫∫ CхCt
t

dt

х

dx
22

1tgln
2

tgln
sin

2
sin

π
π

 

Cx
+






 +=

42
tgln π . 

 
The integrals 4 and 5 should be remembered because they are fre-

quently used as table integrals. 
It is necessary to pay attention to the following: if the numerator of the 

integrand is the differential of the denominator then the substitution ( )xft =  
just gives the result, i.e. 
 

( )
( )

( )
( ) ( ) CхfCt

t
dt

хf
хdf

хf
dxxf

+=+===
′

∫∫∫ lnln . 

 
Integration by Parts 

 
Let us prove the validity of the formula 
 

( ) ( ) ( ) ( ) ( ) ( )∫∫ ′−=′ dxxvxuxvxudxxvxu  

 
assuming that both sides of the equality have sense. For this purpose, it is 
sufficient to evaluate the indefinite integral of both sides of the equality 
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( ) ( ) ( ) ( )[ ] ( ) ( )xvxuxvxuxvxu ′−′=′ . 
 

Let us give a simple notation of the formula for integration by parts 
 

( ) ( ) ( ) ( ) ( ) ( )∫∫ −= xduxvxvxuxdvxu . 
 
There are classes of integrals which are found by means of this method.  
This method is applied to three types of integrals.  

 
Type No. Kind of integral The factor u  The factor dv  

Th
e 

fir
st

 ty
pe

 1 
( )∫ ⋅ dxaxP x

n , where 

( )nP x is a polynomial 
( )nP x  xa dx  

2 ( )∫ ⋅ dxexP x
n  ( )nP x  dxex  

3 ( )∫ ⋅ xdxxPn sin  ( )nP x  xdxsin  

4 ( )∫ ⋅ xdxxPn cos  ( )nP x  xdxcos  

Th
e 

se
co

nd
 ty

pe
 5 ( )∫ ⋅ xdxxPn arccos  xarccos  ( )nP x dx  

6 ( )∫ ⋅ xdxxPn arcsin  xarcsin  ( )nP x dx  

7 ( )∫ ⋅ xdxxPn arctg  xarctg  ( )nP x dx  

8 ( )∫ ⋅ xdxxPn arcctg  xarcctg  ( )nP x dx  

9 ( )∫ ⋅ xdxxPn ln  xln  ( )nP x dx  

Th
e 

th
ird

 ty
pe

 10 ∫ ⋅ xdxax sin  xsin    or   xa  dxax  or xdxsin  

11 ∫ ⋅ xdxex sin  xsin    or   xe  dxex  or xdxsin  

12 ∫ ⋅ xdxax cos  xcos    or   xa  dxax  or xdxcos  

13 ∫ ⋅ xdxex cos  xcos    or   xe  dxex  or xdxcos  

 
For instance, let us consider ( )∫ ⋅ xdxxPn arccos , ( )∫ ⋅ xdxxPn arcsin , 

( )∫ ⋅ xdxxPn arctg , ( )∫ ⋅ xdxxPn arcctg , ( )∫ ⋅ xdxxPn ln  and others. 
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Example 8. Find the integral: ∫ dx
x
x

3
ln .

 

Solution. It is the integral of the second type:  
 

u ln x= ,
 

3

dxdv
x

= .
 

Then  

( ) dx
x

dxxdu 1ln =′= ,    3
23

21
3
1

3
1

3 2
3

3
21

3
1 xxxdxx

x
dxdvv ==

+−
==== ∫ ∫∫

+−
−

.  

 
Let's substitute functions into the formula ∫∫ ⋅−=⋅ duvuvdvu  and get: 

 
2 2 2 1
3 3 3 3

3

2 2 2 2
3 3 3 3

3 3 3 3
2 2 2 2

3 3 3 3 9
2 2 2 2 4

ln x dxdx x ln x x x ln x x dx
xx

x ln x x C x ln x x C.

−
= − = − =

= − ⋅ + = − +

∫ ∫ ∫
 

 
Example 9. Find the integral: ∫ xdxх 3cos . 

Solution. It is the integral of the first type: xdxdvxu 3cos, == . 

Let's find xxdxvdxdu 3sin
3
13cos, === ∫  (suppose that 0C = ).  

Let's substitute functions into the formula ∫∫ ⋅−=⋅ duvuvdvu  and get: 

 

∫∫ −⋅= xdxxхxdxх 3sin
3
13sin

3
13cos . 

 
Let's apply the table of the basic integrals and obtain: 
 

xxхCxxхxdxх 3cos
9
13sin

3
3cos

3
1

3
13sin

3
3cos +=+






−−=∫ . 
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There are cases where we must use the rule of integration by parts 
several times. 

Example 10. Find the integral: ∫ xdxx sin2 . 

Solution. It is the integral of the first type. 
 

=⋅+−=








−==
=== ∫∫ xdxxxx

xvxdxdu
xdxdvxuxdxx 2coscos
cos2

sinsin 2
2

2  

( )=−+−=








==
==

= ∫ xdxxxxx
xvdxdu

xdxdvxu
sinsin2cos

sin
cos 2  

.cos2sin2cos2 Cxxxxx +++−=  
 

Example 11. Find the integral: ∫ xdxex sin . 

Solution. It is the integral of the third type. 

  Let's assume xdxdveu x sin, == , then xdxvdxedu x cos, −==  
and 

 

∫∫ +−= xdxexexdxe xxx coscossin . 

 

We apply the rule of integration by parts to ∫ xdxex cos  once more, 

suggesting xdxdveu x cos, ==  and xvdxedu x sin, ==  we rewrite as: 
 

∫∫ −+−= xdxexexexdxe xxxx sinsincossin . 

 

Here we have obtained ∫− xdxex sin . Transferring this integral into the 

left-hand side, we get 
 

Cxexexdxe xxx ++−=∫ sincossin2   

or ( ) Cxxexdxe xx +−=∫ cossin
2
1sin . 
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Example 12. Find the integral: ∫ xdxarctg .   

Solution. Let us denote dxdvxu == ,acrtg , then we obtain 

xv
x

dxdu =
+

= ,
1 2 , then 

 

∫∫∫ =
+

−=
+

−= dx
x
xxxdx

x
xxxxdx 22 1

2
2
1arctg

1
arctgarctg  

 

Here we see that ( )12 2 += xdxdx , then we write: 
 

∫∫∫ =
+

−=
+

−= dx
x
xxxdx

x
xxxxdx 22 1

2
2
1arctg

1
arctgarctg  

 

( ) Cxxxdx
x
xdxx ++−=

+
+

−= ∫ 2
2

2
1ln

2
1arctg

1
1

2
1arctg . 

 
Integration of Rational Functions with a Quadratic Trinomial 

 
The rational functions with a quadratic trinomial are the functions of the 

kinds: 
 

∫
++

dx
cbxax

A
2 , ∫

++
+ dx

cbxax
BAx

2 , ∫
++

dx
cbxax

A
2

, ∫
++

+ dx
cbxax

BAx
2

, 

 

where cbxax ++2  is the quadratic trinomial.  

 Let's consider the first and second integrals: ∫
++

dx
cbxax

A
2 , 

∫
++

dx
cbxax

A
2

. They are reduced to tabular integrals if you allocate the 

perfect square in the denominator with the help of the formulas: 
 

( ) 222 2 zyzyzy +±=±  
(the square of the sum or the square of the difference).  
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 Example 13. Find the integral: ∫
++

dx
xx 258

2
2

. 

 Solution. Let's allocate the perfect square in the denominator with the 

help of the formula ( ) 222 2 zyzyzy ++=+  and get: 

 

( ) 94944291642258 22222 ++=++⋅⋅+=++⋅⋅+=++ хxxxxxx )) ())  . 

  
 Let's substitute: 
 

 
( ) ( )

∫∫∫
++

⋅=
++

=
++ 94

2
94

2

258

2
222 x

dxdx
x

dx
xx

. 

 
 Let's use the tabular integral 20. We have 
 

( )
( ) =+





 ++++⋅=

++
⋅ ∫ Cxx

x

dx 944ln2
94

2 2
2

 

( ) ( ) CxxxCxx +++++⋅=+




 ++++⋅= 2584ln2944ln2 22 . 

 

 Let's consider the third and fourth integrals: ∫
++

+ dx
cbxax

BAx
2 , 

∫
++

+ dx
cbxax

BAx
2

. To integrate these functions we should use the following 

rules: 
 1) to allocate the perfect square in the trinomial with the help of the for-

mulas ( ) 222 2 zyzyzy +±=±  (the square of the sum or the square of the 

difference) and obtain a new denominator ( ) qpx ±± 2 ; 
 2) to apply the substitution:  
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pxt +=  pxt −=  
dxdt =  dxdt =  

ptx −=  ptx += ; 
 
 3) to present the initial integral as a sum of two integrals, the first one is 
the tabular integral and the second one may be integrated by substitution.  
 Let's consider four kinds of such integrals: 
 

a) Cxa
xa

хdx
+−−=

−
∫ 2

2
, ( )0≠a ; 

b) Cax
xa

хdx
+−−=

−
∫ 2

2 ln
2
1

, ( )0≠a ; 

c) Cxa
xa

хdx
+−−=

−
∫ 2

2
, ( )0≠a ; 

d) Cax
ax

хdx
+±=

±
∫ 2

2
, ( )0≠a ; 

 
 4) to get back to the previous variable by substitution: 
 

pxt += , pxt −= . 

Let's give examples.  
Example 14. Let's find this integral: 
 

( ) ( )
( )

( )( )
=

−
+−

=
+=

=
−=

=
−−

−
=

+−
−

∫∫∫ 7
387

3

3

73
87

26
87

222 t
dtt

tx
dxdt

xt

x
dxx

xx
dxx ( )

=
−
−

∫ 7
810

2t
dtt

 

( )
=

−
−

−
=

−
−

−
= ∫∫∫∫ 7

8
7

10
7

8
7

10 22222 t
tdt

t

dt
t

tdt
t

dt
−

+
−

7
7ln

72
10

t
t

 

=+−− Сt 7ln
2
8 2 Сxx

x
x

++−−
+−
−− 26ln

2
8

73
73ln

7
5 2 . 
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Example 15. Find the indefinite integral: 2
2

3 5 4
xdx

x x+ +∫ . 

Solution. We take out the common factor 3 and allocate the perfect 
square in the denominator: 

 

2 2 25 4 5 25 25 43 5 4 3 3 2
3 3 6 36 36 3

x x x x x x   + + = + + = + ⋅ + − +   
   

=  

2
2 5 25 23 5 233 2 3

6 36 36 6 36
x x x .

    = + ⋅ + + = + +         
 

 

Let's make the substitution: 
5
6

t x= + , then 
5
6

x t= − , dx dt= . 

We have 
 

∫∫∫ =
+







 −

=











+






 +

=
++

dt
t

t

x

xdx
xx

хdx

36
23
6
52

3
1

36
23

6
53

2
453

2
222 ∫ =

+

−
dt

t

t

36
23
3
52

3
1

2
 

∫ ∫ =
+

−
+

=

36
239

5

36
23

2
3
1

22 t

dt

t

tdt =+⋅−





 + 1

2

23
6arctg

23
6

9
5

36
23ln

3
1 Ctt  

 
We get back to the previous variable. Thus, 
 

=+






 +

⋅−









+






 += 1

2

23
6
56

arctg
23
6

9
5

36
23

6
5ln

3
1 C

х
х

 

=+
+

⋅−





 ++= 1

2

23
56arctg

23
6

9
5

3
4

3
5ln

3
1 Cxxx  

( ) Cxxx +
+

−++=
23

56arctg
233

10453ln
3
1 2 . 
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Integration of the Rational Function 
 

The simplest types of indefinite integrals representable in terms of el-
ementary functions are integrals of the rational function, that is, integrals of 

functions of the form ( ) ( )
( )xQ
xPxR = , where ( )xP  and ( )xQ  are polynomials. 

If the degree of the polynomial ( )xP  is greater than, or equal to the 

degree of the polynomial ( )xQ  (rational function is an improper fraction), we 

first divide by the polynomial ( )xQ ,  using the rules  for dividing  polynomials 

 
( )
( ) ( ) ( )

( )xQ
xPxP

xQ
xP 2

1 += . 

 
Here ( )xP1  and ( )xP2  are polynomials, the degree of the polynomial 

( )xP2  being less than the degree of the polynomial ( )xQ . 

The integral ( )dxxP∫ 1  is readily computed. Thus, when finding the inte-

gral 
( )
( )dx
xQ
xP

∫ 2  we may always see if the degree of the polynomial ( )xP2  is 

less than the degree of the polynomial ( )xQ . 

Further we simplify the expression 
( )
( )xQ
xP2 , assuming that the polynomi-

als ( )xP2  and ( )xQ  have real coefficients of the powers of the variable х . 
It is possible to simplify the expression for a rational function if the poly-

nomial ( )xQ  can be written as a product of linear and quadratic factors with 
real coefficients 

 

( ) ( ) ( ) ( ) ×−⋅⋅−⋅−= rk
r

kk xxxxxxaxQ ...21
210  

( ) ( ) Sl
ss

l
qxpxqxpx ++⋅++× 2

11
2 ...1 ,                            (1) 

 
where rxxx ,,, 21 2  being the roots and these roots are linear terms. 
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In this case the polynomial ( )xQ  is said to have the roots 1xx = , 

rxxxx == ,,2 2  of multiplicity m . And the quadratic equations 

 

0...,,0 2
11

2 =++=++ ss qxpxqxpx , 

 

have conjugate complex roots (that 042 <− ii qp ) which are s2 -fold conju-

gate complex roots of the same equations. 
It will be assumed that factorization (1) has been determined, it turns 

out that the fraction 
( )
( )xQ
xP2  can be represented as a decomposition into partial 

fractions of the form 
 

( )
( ) ( ) ( ) ( ) ( )

+
−

++
−

+
−

++
−

++
−

+
−

=
r

r
k

r

k

rr
k

k

xx

B

xx
B

xx
B

xx

A

xx
A

xx
A

xQ
xP ...... 2

21

1
2

1

2

1

12
1

1 2

 
( ) ( )

++
++

+
++

++

+
+

++
+

+ ......
1

11

11
22

11
2

22

11
2

11
l

ll

qxpx

DxC

qxpx

DxC
qxpx

DxC  (2) 

( ) ( ) s
ss

l
ss

ll

ssss qxpx

NxM

qxpx

NxM
qxpx

NxM

++

+
++

++

+
+

++
+

+
22

1
2

22
2

11 ... , 

 
where 

slk NNAAA ,,,,,,, 121 1
222  are constants. 

It follows that the integral of every rational fraction can be reduced to in-
tegrals of partial rational fractions of the indicated typed, namely: 

 

1) dx
ax

A
∫ −

; 3) dx
qpxx

DCx
∫

++
+

2 ; 

2 ) 
( )

dx
ax

A
k∫

−
; 4) 

( )
dx

qpxx

DCx
s∫

++

+
2

, 0>s . 

 
Thus when applying the method of integration of rational fractions pre-

sented here we proceed from the factorization of the denominator of the given 
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fraction 
( )
( )xQ
xP2 , to decomposition (2) and replace the given integral by the 

sum of the integrals of the corresponding partial fractions. 
The finding of forth types of the integrals: 

1) CaxAdx
ax

A
+−=

−∫ ln ; 

2 ) 
( )

( ) ( ) C
k
axAdxaxAdx

ax
A k

k
k +

+−
−

=−=
−

+−
−∫∫ 1

1
; 

3) in this case dx
qpxx

DCx
∫

++
+

2  we apply the rule of integration of func-

tions with a quadrate trinomial in the denominator. Here the first integral is 
tabular, the second is equal to one of four integrals, namely: 
 

a) Cxa
xa

хdx
+−−=

−
∫ 2

2
, ( )0≠a ; 

b) Cax
xa

хdx
+−−=

−
∫ 2

2 ln
2
1

, ( )0≠a ; 

c) Cxa
xa

хdx
+−−=

−
∫ 2

2
, ( )0≠a ; 

d) Cax
ax

хdx
+±=

±
∫ 2

2
, ( )0≠a ; 

 
4) at last we can find the integral using the method of the decrease of 

the power of the denominator and then the method of the integration by parts. 
To determine the coefficients 

slk NNAAA ,,,,,,, 121 1
222  we can 

use the following rule: the coefficients in line powers of x  on both sides must 
be equal to each other. We can find all coefficients by this method. If the roots 
of the polynomial ( )xQ  are real numbers there is a still simple method of de-
terming these coefficients: putting in succession the roots of the polynomial 

1xx = , rxxxx == ,,2 2 . 
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Thus the expression 
( )
( )xQ
xP2  can be represented in the form of the sum 

of the expressions of the following types: 
ax

A
−

 and 
qpxx

DCx
++

+
2 . The coeffi-

cients in the expansion of a rational function into common fractions are usual-
ly found by the method of undetermined coefficients: the supposed expansion 
is written with undetermined coefficients. Multiplying both sides of the equality 
by the common denominator, we get an equality between some polynomials. 
For undetermined coefficients a system of equations can be obtained either 
by equating the coefficients of the powers of the variable x  on both sides of 
the equality or by using this equality for concrete values of the variable x . 

Example16. Find the indefinite integral: ∫
−
+ dx
хx

х
23

3 1
. 

Here the integrand is the improper fraction because the power of the 
numerator is equal to the power of the denominator. Then for the first we di-
vide the numerator by the denominator using the rule of the dividing of the 
polynomials and separate the integer part: 

 

1
1

1 23

2

23

3
xx

x
xx

x
−

+
−

+
− . 

 

Now the fraction is 23

2

23

3 111
xx

x
xx

x
−
+

+=
−
+

. Thus, 

 

∫ ∫∫∫
−
+

+=










−
+

+=
−
+ dx

xx
xdxdx

xx
xdx

xx
x

23

2

23

2

23

3 1111
. 

 
Here we can represent the rest integral as the sum of partial fractions: 
 

( ) 11
1

22

2

−
++=

−
+

x
C

x
B

x
A

xx
x

, 

where CBA ,,  are undetermined coefficients. 
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Since the denominators on the left and right are equal and the fractions 
are identically equal, then the numerators are equal too. 

Reducing to the common denominator and equating the numerators on 
the both sides of this equality, we have 

 

( ) ( ) 22 111 CxxBxxAx +−+−=+ . 
 

Let us collect: 
 

)()()(1 22 ABAxCBxx −+−++=+ . 
 

and consider the first method of finding of undetermined coefficients. 
То find the coefficients, we equate the coefficients at the equal powers 

of x on the left and on the right:  
 

for 2x : CB +=1 , 

for 1x : BA−=0 , 

for 0x : A−=1 . 
 
 We find the undetermined coefficients: 
from the 3rd equation: 1−=A ; 
from the 2nd equation: 1−== BA ; 
from the 1st equation: ( ) 2111 =−−=−= BC . 
 
 So,  
 

=







−
+++=

−
+

+=
−
+

∫ ∫∫ ∫∫ dx
x
C

x
B

x
Adxdx

xx
xdxdx

xx
x

1
11

223

2

23

3
 

∫ ∫ ∫ ∫∫ ∫ =
−

+−−=







−
+

−
+

−
+= dx

x
dx

x
dx

x
dxdx

xxx
dx

1
1211

1
211

22  

Cxx
x

x +−+−+= 1ln2ln1
. 
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Example 17. Find the integral: ∫
−13x

dx
.  

Let us decompose the fraction into partial fractions: 
 

( )( ) ( )1111
1

1
1

223 ++
+

+
−

=
++−

=
− xx

CBx
x

A
xxxx

. 

 
Since the denominators on the left and right are equal and the fractions 

are identically equal, then the numerators are equal too. 

Then                  ( ) ( )( )111 2 −++++= xCBxxxA . 
Let us collect: 
 

( ) ( ) ( )CACBAxBAx −++−++= 21 . 
Equating the factors at the identical degrees of x  we obtain the coeffi-

cients: 

for 2x : BA+=0 , 

for 1x : CBA +−=0 , 

for 0x : CA−=1 . 
We obtain the coefficients: 

from the 1st equation: AB −= , 
from the 2nd equation: AAABAC 2−=−−=+−= , 

from the 3rd equation: ( )AA 21 −−=  or A31=  or 
3
1

=A , 

then 
3
1

−=−= AB , 
3
22 −=−= AC . 

 So, ( ) ( ) =













++

−−
+

−
=









++
+

+
−

=
−

∫∫∫ dx
xx

x

x
dx

xx
CBx

x
A

x
dx

1
3

2
3

1

1
3

1

111 223  

=

−=

=

+=

=

+





 +

+
−−=

++
+

−
−

= ∫∫ ∫

2
1

2
1

4
3

2
1

2
3
11ln

3
1

1
2

3
1

13
1

22

tx

dxdt

xt

dx
x

xxdx
xx

x
x
dx

 

25 



=









+

+
+

−−=
+

−
−−= ∫∫∫ 2

2
22

2
36

1

4
33

11ln
3
1

4
3

2
1

3
11ln

3
1

t

dtdt
t

txdt
t

t
x  

=+++−−= Cttx
2

3
arctg

2
3
1

6
1

4
3ln

2
1

3
11ln

3
1 2  

=+
+

++





 +−−= C

x
xx

2
3

2
1

arctg
2

3
1

6
1

4
3

2
1ln

6
11ln

3
1 2

 

Cxxxx +
+

+++−−=
3

12arctg
33

11ln
6
11ln

3
1 2 . 

 

Example 18. Find the integral: ( )( )( )dx
xxx

xx
∫ −+−

−−
143

81415 2
.  

 The integrand is the proper fraction, let us decompose it into partial 
fractions. 
 

( )( )( ) 143143
81415 2

−
+

+
+

−
=

−+−
−−

x
C

x
B

x
A

xxx
xx

. 

 
Since the denominators on the left and right are equal and the fractions 

are identically equal, then the numerators are equal too. 
Let us reduce to the common denominator and equate the numerators: 
 

( )( ) ( )( ) ( )( )43131481415 2 +−+−−+−+=−− xxCxxBxxAxx . 
 

Let us consider the second method of finding of undetermined coeffi-
cients. 
 Let us substitute the first root of the denominator 3=x  into this expres-
sion: 
 

( )( ) 0013438134915 ⋅+⋅+−+=−⋅−⋅ CBA , 
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A1442 =     or    3=A . 
 

Let us substitute the second root of the denominator 4−=x  into this 
expression: 

 
( )( ) 01434081441615 ⋅+−−−−+⋅=−⋅+⋅ CBA , 

B35175 =     or    5=B . 
 

Let us substitute the third root of the denominator 1=x  into this ex-
pression: 

 
( )( )4131008114115 +−+⋅+⋅=−⋅−⋅ CBA , 

С1070 −=−     or    7=С . 
 

 So, ( )( )( ) =







−
+

+
+

−
=

−+−
−−

∫∫ dx
x
C

x
B

x
Adx

xxx
xx

143143
81415 2

 

∫∫∫∫ =
−

+
+

+
−

=







−
+

+
+

−
= dx

x
dx

x
dx

x
dx

xxx 1
17

4
15

3
13

1
7

4
5

3
3

 

Cxxx +−+++−= 1ln74ln53ln3 . 

 
Integrating Trigonometric Functions. 

Integrals of Type ( )∫ dxxx,R cossin  
 

In this case, it is convenient to use the substitution 
2

tg xt = , since the 

functions 21
2sin

t
tx

+
= , 2

2

1
1cos

t
tx

+
−

=  and 21
2

t
dtdx
+

=  are rational functions 

of the variable x . The integration of the form ( )∫ dxxxR cos,sin  with the aid 

of the substitution 
2

tg xt =  is sure to give the desired result, but it is because 

of its generality that this method may not be the best from the point of view of 
brevity and simplicity of the transformation involved. 
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For a number of special cases, simple change of variables are possible, 
which can be justified in the following way. 

Let the expression ( )∫ dxxxR cos,sin  be even with respect to xsin , 

then the given integral is reduced to an integral of a rational function since 
( ) dtxdxdx −=−= sincos  considering in a similar way, we arrive at a conclu-

sion that in the case when the expression ( )∫ dxxxR cos,sin  is even with re-

spect to xcos , and the other is odd, the substitution tx =cos  reduces the in-
tegral ( )∫ dxxxR cos,sin  to an integral of a rational function. 

Let's now assume that the function ( )xxR cos,sin  possesses one of the  
following properties: 

a) both of them, xsin  and xcos , remain unchanged when xsin  is re-
placed by ( )xsin−  and xcos  by ( )xcos− ; 

b) both of them, xx cos,sin , change the sign when xsin  is replaced by 
( )xsin−  and xcos  by ( )xcos− . It is sufficient to consider only the first case 
since the second case can be reduced to the first by multiplying both the nu-
merator and denominator of the rational function ( )xxR cos,sin  by xsin  or 

xcos . The integral ( )∫ dxxxR cos,sin  is reduced to an integral of a rational 

function by the substitution tgxt =  or ctgxt =  since 2
2

1
1cos
t

x
+

= , 

2

2
2

1
sin

t
tx
+

=  and 21 t
dtdx
+

=  or 2

2
2

1
cos

t
tx
+

= , 2
2

1
1sin
t

x
+

=  and 

21 t
dtdx
+

−= . 

And now consider the integrals of the form  
 

∫ xdxx nm cossin , 
 

where m  and n  are integers. Then 
a) if 0>m  is odd, 12 −= km  the substitution tx =cos  immediately 

reduces the integral to a rational function; 
b) if 0>n  is odd, 12 −= kn  the substitution tx =sin  yields the same 

result; 

28 



c) if both exponents m  and n  are positive and even, the result is readily 
obtained by means of trigonometric transformations with multiple arguments. 

For instance, 
2

2cos1sin2 xx −
=  and 

2
2cos1cos2 xx +

= . In conclusion 

we would like to note that integrals containing products of trigonometric func-
tions of the form x2sin  and x2cos  are reduced to integrals of the form 

∫ axdxsin  and ∫ axdxcos  by means of the following formulas: 
 

( ) ( )( )xxxx βαβαβα +−−= coscos
2
1sinsin ; 

( ) ( )( )xxxx βαβαβα −++= sinsin
2
1cossin ; 

( ) ( )( )xxxx βαβαβα −++= coscos
2
1coscos . 

 

Example 19. Find the indefinite integral: dxxx∫ cossin5 . 

Solution. We have: ( ) xx cossin =′ , then xt sin=  and xdxdt cos= . 
 

CxCtdttdxxx +=+=∫∫ 6
sin

6
cossin

66
55 . 

 

Example 20. Find the indefinite integral: dxxx∫ 22 cossin .  

Solution. We have: 
 

( ) ==





== ∫ ∫∫∫ xdxdxxdxxxdxxx 2sin

4
12sin

2
1cossincossin 2

2
222  

 

Let's use this formula 
2

2cos1sin2 xx −
=  and get:  

 

( )∫ ∫ ∫∫ −=−=
−

== dxxxdxxdxxxdx 4cos
8
1

8
14cos1

8
1

2
4cos1

4
12sin

4
1 2 . 
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The last integral is calculated with the help of the substitution 4x t= , 
then 4dx dt.=  We get 

 

∫∫ +=+== 11 4sin
4
1sin

4
1

4
cos4cos CxCtdttxdx . 

Thus,  

CxxCxxdxxx +−=





 +−=∫ 4sin

32
1

8
14sin

4
1

8
1

8
1cossin 1

22 , 

 

where CС =− 18
1

. 

 
Example 21. Find the indefinite integral: 
 

( ) =+=+= ∫∫∫∫ dxxdxxdxxxdxxx 3sin
2
17sin

2
13sin7sin

2
12cos5sin  

Cxxxx
+−−=






−+






−=

6
3cos

14
7cos

3
3cos

2
1

7
7cos

2
1

. 

 

Example 22. Find the indefinite integral: ∫ ++ xx
dx

cos3sin53
. 

Solution. Let's use the substitution tx
=

2
tg , then tx arctg

2
= , 

22
1

dtdx
t

=
+

 and we get 

 

=
+

⋅

+
−

⋅+
+

⋅+
=

++ ∫∫ 2

2

2

2
1

1
13

1
253

2
cos3sin53 t

dt

t
t

t
txx

dx
 

( )
( ) ( ) ∫∫ =

−+++
=

+
⋅

−+⋅++
+

= 22222

2

331033
2

1132513
12

ttt
dt

t
dt

ttt
t

 

∫ ∫ ++=++=
+

=
+

= .3
2

tg5ln
5
135ln

5
1

35610
2 CxCt

t
dt

t
dt
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Integrals Containing Linear and Linear Fractional Irrationalities 
 

1. Let's consider the indefinite integral of the form 
 

, ,...,
m r
n sR x x x dx

 
  
 

∫ , 

 
where R is a rational function of its arguments. 

Let's use the substitution kx t= , where k is a common denominator of 

the fractions ,...,m r
n s

, the integrand function is reduced to a rational function 

of t . 
2. Let's consider the following integral:  
 

, ,...,
m r
n sax b ax bR x dx

cx d cx d

 
+ +        + +    

 
∫ . 

 
It is reduced to the integral of the rational function with the help of the substi-
tution:  
 

kax b t
cx d

+
=

+
, 

 

where k  is a common denominator of the fractions ,..., .m r
n s

 

2. Let's consider the following integrals:  
 

а)  ( )2 2,R x a x dx−∫ , 

b)  ( )2 2, ,R x a x dx+∫  

c)  ( )2 2, .R x x a dx−∫  
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Such integrals are founded with the help of substitutions: 
 

а) tax sin=  or tax cos= , 
b)  tax tg=  or tax ctg= , 

c) 
t

ax
cos

=  or 
t

ax
sin

= . 

 

Example 23. Find the indefinite integral: 
( )

∫
− dx
х
х

6

324
. 

Solution. Let's use tx sin2= , then tdtdx cos2=  and 
2

arcsin xt = . 

Let's substitute and get:  
 

( ) ( ) ( )
=

−
=⋅

−
=

−
∫∫∫ tdt

t
ttdt

t
t

х
х cos

sin32
sin18cos2

sin64
sin444

6

32

6

32

6

32
 

t
dtx

t
dt

t
tdt

t
ttdt

t
t

2
4

24

4

6

4

6

3

sin
ctg

4
1

sinsin
cos

4
1

sin
cos

4
1cos

sin
cos

4
1

∫ ∫ ∫∫ =⋅=== . 

 

Let's use the substitution zt =ctg , then dzdt
t

=− 2sin
1

. 

Thus,  
 

( )
∫∫ +−=+−=+⋅−=−=

− CtCzCzdzz
х
х

20
ctg

2054
1

4
14 555

4
6

32
. 

 
Using  

( ) ( )
5

52

5

52

5

52

5

52

5

5
5 4

32

4
1

2

2
1

sin
sin1

sin
cosctg

х
х

х

х

х

х

t
t

t
tx −

=










−

=

























−

=
−

== , 
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we get 
 

( ) ( )3 52 2

6 5

4 41
20

x x
dx C

x x

− −
= − +∫ . 

 

Example 24. Find the indefinite integral: ( )
3 2 6

3
.

1
x x x dx

x x
+ +

+
∫

 

Solution. Let's find the common denominator of fractions 
2 1 1, ,
3 6 3

. It is 6, 

then we can use the substitution 6x t=  and 56dx t dt= . Thus,  
 

( ) ( )
( )

( )

3 2 6 46
5

6 23

5 3 5 5 3

26 2

6
11

1 16 6 .
11

x x x t t tdx t dt
t tx x

t t t t t tdt dt
tt t

+ + + +
= ⋅ =

++

+ + + +
= =

++

∫ ∫

∫ ∫

 

Let's get: 
5 3 2

5 3 3

1 1
   

         1

t t t

t t t

+ + +
−

+ . 

Then  
 

( ) =+









+=








+
+=

+
++

∫∫ Cttdt
t

tdx
хх
ххх arctg

4
6

1
16

1

4

2
3

3

63 2
 

 

CxxCxx
++=+














+= 63 26

6 4
arctg6

2
3arctg

4
6 . 
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Example 25. Find 
4x dx

x
+

∫ . 

Solution. Let's use the substitution 24x t+ = , then 2 4x t= − , and 
2dx tdt= . Thus  
 

2 2

2 2 2
4 22 2 .

4 4 4
x t t dt t dtdx tdt
x t t t
+

= ⋅ = =
− − −∫ ∫ ∫ ∫  

 
Wе get: 

2 2

2

4
   

4 1
         4

t t

t

−
−

−  

and  
 

2
4 4 1 22 1 2 8

2 2 24

4 22 4 2
4 2

x tdx dt t ln C
x tt

xx ln C.
x

+ − = + = + ⋅ + =  ⋅ +− 

+ −
= + + +

+ +

∫ ∫
 

 
Applications of the Indefinite Integral  

in Business and Economics 
 

Example 26. The monthly marginal cost function for a product is given 
as ( ) 25+= xхMC . If 40 UAH are fixed costs, find the total cost function 

( )xTC  for the month. 
Solution. We will use the cost function as the antiderivative of the mar-

ginal cost function:  
 

( ) ( ) ( )∫∫ ++=+== CxxdxxdxxMCxTC 25
2

25
2

. 
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Let's use the fixed cost in order to find the value of the constant C . Ac-
cording to the condition of this task: ( ) 400 =TC . We have 

 

( ) 40025
2

00
2

==+⋅+= СCTC        or       40=С . 

Thus, the total cost function for the month is ( ) 4025
2

2
++= xxxTC . 

 Example 27. The marginal revenue function for a product is 
( ) xхMR 1088−= . The marginal cost function is ( ) 406 += xхMC , and the 

cost of producing 20 units is 2 280 UAH. 
a) find the profit function ( )хP ; 
b) find the profit or loss from selling 60 units. 
Solution: a) let's remember the relationship between revenue and cost 

functions:  
 

( ) ( ) ( )xCхPxR += . 
 
Then  

( ) ( ) ( )xCxRхP −= . 
 

We will use the revenue function and the cost function as the antideriva-
tives of the marginal revenue function and the marginal cost function corre-
spondingly. Let's find them: 

 

( ) ( ) ( ) 1
2

1

2
588

2
10881088 CxxCxxdxxdxxMRxR +−=+−=−== ∫∫ , 

 

Let's use ( ) 00 =R . It gives us that 01 =C , so ( ) 2588 xxxR −= . 
Let's find 
 

( ) ( ) ( ) 2
2

1

2
40340

2
6406 CxxCxxdxxdxxMCxC ++=++=+== ∫∫  

and 
 

( ) 2
2 2040203280220 CC +⋅+⋅==   
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or 2808002001280220402032280 2
2 =−−=⋅−⋅−=C . 

 
 Then 
 

( ) 280403 2 ++= xxxC . 
 

 Let's find the profit function ( )хP : 
 

( ) ( ) ( ) ( ) 280848280403588 222 −−=++−−=−= xхxxxxxCxRхP ; 
 

b) find the profit or loss from selling 60 units: 
 

( ) 20026280800288802280608604860 2 −=−−=−⋅−⋅=P , 
 

so there is a loss of 26 200 UAH. 
Example 28. The average cost of a product changes at the rate 

( )
12
112 2 +−=′ −xxC . The average cost of 12 units is 20. Find the average 

cost of producing 24 units. 
 Solution. First, we need the average cost function, then we can evalu-
ate it at 24=х : 
 

( ) ( ) .
12

12
12
1

12
12

12
112

12
2∫∫ ++=++

+−
−=






 +−=′=

+−
− Cx

x
CxxdxxdxxCxC  

 

 Let's use ( ) 2012 =C , then C++=
12
12

12
1220  or 181120 =−−=C . 

 Thus, ( ) 18
12

12
++=

x
x

xC . 

 Let's find: ( ) 5.20182
2
118

12
24

24
1224 =++=++=C . 
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Individual tasks  
Find indefinite integrals: 

 

Variant 1 

1. ( )
∫

+ .2
4

2

dx
x

x    2. ∫ −
+ .

23
13 dx

x
x    3. ( )∫ −− .34 3 dxex x    

4. ( )∫ + .2cos62 xdxx    5. ∫
++

.
522 xx

dx    6. ∫
+

+ .1
2

3
dx

xx
x   

7. 
( )( )∫

++

++ .
21

9136
2

2
dx

xx
xx    8. 

( )( )∫
+++

++ .
11

244
2

2
dx

xxx
xx  

 

Variant 2 
1. ( )( )∫ +−+ .713 dxxxx    2. ∫ − .4 12 dxx    3. ( )∫ + .43 3 dxex x   

4. ∫
+−

.
1372 xx

xdx    5. ( )∫ − .5cos42 xdxx     6. ∫
+−

− .
34

17
2

3
dx

xx
x   

7. 
( )∫
+

++ .
2

8136
2

2
dx

xx
xx     8. 

( )( )∫
++

++ .
11
234

2

2
dx

xx
xx    

 

Variant 3 

1. ( )
∫

+ .1
23

dx
x

x    2. ∫
+

.
87 2x

dx    3. ( )∫ − .4sin164 xdxx   

4. ( )∫ ++ .cos342 xdxxx    5. ∫
++

.
842 xx

dx    6. ∫
−
+ .
1
13

2

3
dx

x
x   

7. 
( )( )∫

−+

−+− .
22

6136
2

2
dx

xx
xx    8. 

( )( )∫
+++

−+ .
12

177
2

2
dx

xxx
xx  

 

Variant 4 

1. ∫






 −

.
51 2

dx
x

x    2. .ln
∫ dx

x
x    3. ( )∫ − .61 2 dxex x   
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4. ( )∫ + .7cos2 2 xdxx    5. ∫
+−

− .
132

87
2 dx

xx
x    6. ∫

−−

+ .
2

52
2

3
dx

xx
x  

7. 
( )( )∫

+−

++ .
21
10146
2

2
dx

xx
xx    8. 

( )( )∫
+++

−+ .
221

124
2

2
dx

xxx
xx   

 
Variant 5 

1. ( )
∫

− .1 3

dx
x

x    2. ∫ ⋅ .7
2

dxx x    3. ( )∫ + .14ln 2 dxx    

4. ( ) .6cos1272 xdxxx∫ ++    5. ∫
+−

.
13 2 xx

dx    6. ∫
−+
− .

6
12

2

3
dx

xx
x   

7. 
( )( )∫

+−

−+− .
22

10116
2

2
dx

xx
xx    8. 

( )( )∫
+++

++ .
321

696
2

2
dx

xxx
xx  

 
Variant 6 

1. ∫ 









− .11

4 3
dx

xx
   2. ∫ .

7
sin2 x

dx    3. .16arctg dxx∫ −   

4. ( )∫ −+ .2cos742 2 xdxxx    5. ∫
+−

− .
54

63
2

dx
xx

x    6. .
23

253
2

3
dx

xx
x

∫
++

+   

7. 
( )( )∫

++

++ .
21

7116
2

2
dx

xx
xx    8. 

( )( )∫
+++

++ .
322

101611
2

2
dx

xxx
xx  

 
Variant 7 

1. ( )
∫

+ .
3

2
23

dx
x

x    2. ∫ ⋅ .cos
x

dxx    3. ( ) .923 dxxe x −∫ −   

4. ( )∫ ++ .8cos1199 2 xdxxx   5. ∫
+−

.
125 2 xx

xdx   6. 
( )( )∫

++
−+ .

21
156

2

2
dx

xx
xx  

7. ( )( )( )∫ −−+
++ .

122
123 23

dx
xxx

xx    8. 
( )( )∫

+−

++ .
11

176
2

2
dx

xx
xx   

38 



Variant 8 

1. ( )
∫

− .1 2
dx

xx
x    2. ( )∫ −⋅ .1sin 2 dxxx    3. ( )∫ + .2cos65 xdxx   

4. ( )∫ ++ .4cos17168 2 xdxxx    5. ∫
++

.
942 xx

dx    6. 
( )( )∫

+−

++ .
21
10106
2

2
dx

xx
xx  

7. ( )( )( )∫ −−−
++ .

321
123 23

dx
xxx

xx  8. 
( )( )∫

+++
++ .

221
122

2

2
dx

xxx
xx  

 
Variant 9 

1. ∫ 





 − .21 2

dxx
x

   2. ∫ ⋅ .cos2sin xdxx    3. ( )∫ −⋅ .2cos32 xdxx   

4. ( )∫ − .9cos73 2 xdxx    5. ∫
++

− .
96

23
2 dx

xx
x    6. ( )( )( ) .

211

3
dx

xxx
x

∫ ++−
  

7. 
( )∫
+

++ .
1

276
2

2
dx

xx
xx    8. 

( )( )∫
++

++ .
33
21219

2

2
dx

xx
xx  

 
Variant 10 

1. ( )
∫

− .1
3

2
dx

xx
x    2. ∫ .

cos 42

3

x
dxx    3. ( )∫ − .4cos52 xdxx   

4. ( )∫ + .sin53 2 xdxx    5. ∫
++

.
862 xx

dx    6. ( )( )( ) .
231

123 23
dx

xxx
xx

∫ −−−
−−   

7. 
( )∫
−

++− .
2

8136
2

2
dx

xx
xx    8. 

( )( )∫
++
++ .

42
88

2

2
dx

xx
xx  

 
Variant 11 

1. ∫ 





 + .21 2

3 dx
xx

   2. .2sin
2sin xdxe x ⋅∫    3. ( )∫ + .3sin5 xdxx   

4. ( )∫ − .2cos73 2 xdxx    5. ∫
+−

+ .
34

1
2 dx

xx
x    6. ( )( )∫ −−

−− .
34
123 23

dx
xxx

xx   
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7. 
( )( )∫

−+

−+− .
21

7136
2

2
dx

xx
xx    8. 

( )( )∫
++
++ .

12
4125

2

2
dx

xx
xx  

 
Variant 12 

1. ( )( )∫ +− .1 43 dxxxx    2. ∫ + dxx 235 .   3. ∫ − .14arctg dxx    

4. ( )∫ − .7cos81 2 xdxx    5. ∫
−+

.
232 2xx

dx    6. ( )( )∫ +−
++ .

21
24 23

dx
xxx

xx   

7. 
( )( )∫

−+

−+− .
21

6146
2

2
dx

xx
xx    8. 

( )( )∫
++−

−−− .
541

12164
2

2
dx

xxx
xx  

 
Variant 13 

1. ∫
−+ .12

3

2
dx

x
xx    2. ∫

−
.

1

arcsin
2

dx
x

x    3. ( )∫ − .2cos24 xdxx     

4. ( )∫ − .5sin32 xdxxx    5. ∫
−−

− .
1

82
2

dx
xx

x    6. ∫
−
− .23

3

3
dx

xx
x   

7. 
( )( )∫

−+

−+− .
21

10106
2

2
dx

xx
xx    8. 

( )( )∫
+−−

+− .
12

11313
2

2
dx

xxx
xx  

 
Variant 14 

1. ∫
+− .12

4

3 2
dx

x
xx    2. ∫ .

ln3 xx
dx    3. ( )∫ − .25 3 dxex x   

4. ( )∫ ++ .4sin122 xdxxx    5. .
742∫

+− xx
xdx    6. ( )( )∫ −−

−− .
24
123 23

dx
xxx

xx   

7. 
( )∫
+

++ .
2

326
2

2
dx

xx
xx    8. 

( )( )∫
+−
−+ .

91
467

2

2
dx

xx
xx  
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Variant 15 

1. ∫
−+ .15

3

2
dx

x
xx    2. ( ) .12

xdxe x ⋅∫ +−    3. ( )∫ − .3ln 2 dxx     

4. ( )∫ +− .sin232 xdxxx    5. ∫
++

− .
32

12
2 dx

xx
x    6. ∫

−
+− .1

2

35
dx

xx
xx     

7. 
( )( )∫

+−

++ .
21

2109
2

2
dx

xx
xx    8. 

( )( )∫
+++

−+ .
223

282024
2

2
dx

xxx
xx  

 
Variant 16 

1. ∫
+ .15

4

8
dx

x
x    2. ∫

+
.

53 2x
dx    3. ( )∫ − .2sin2 xdxx     

4. ( )∫ +− .cos652 xdxxx    5. ∫
++

− .
74

1
2 dx

xx
x    6. ∫

+
−+ .13

2

35
dx

xx
xx    

7. 
( )∫
+

++ .
1

12
2

2
dx

xx
xx    8.  

( )( )∫
++
++ .

15
233

2

2
dx

xx
xx  

 
Variant 17 

1. ∫
− .1

5 4
dx

x

x    2. ∫ 












+

−
.22 dxee

xx

   3. ( )∫ −− .342 dxxe x     

4. ( )∫ ++ .5sin962 xdxxx    5. ∫
++

.
12 xx

xdx    6. ∫
−

+− .
2

382
2

35
dx

xx
xx   

7. 
( )( )∫

++

++ .
12

476
2

2
dx

xx
xx    8. 

( )( )∫
+−
++ .

94
212111

2

2
dx

xx
xx   

 
Variant 18 

1. ( )
∫

− .
2

2 3

dx
x

x    2. ∫
+

.
4

2
arctg

2 dx
x

x

   3. ∫ − .12arcctg dxx     
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4. ( )∫ − .3sin51 2 xdxx    5. ∫
++

− .
52

21
2

dx
xx

x    6. .
2

7123
2

35
dx

xx
xx

∫
+

−−   

7. 
( )( )∫

−+

+ .
32

56
2

2
dx

xx
xx    8. 

( )( )∫
++−

++ .
16

3
2

2
dx

xxx
xx  

 
Variant 19 

1. ( )( )
∫

−+ .12
4 3

22
dx

x

xx    2. ∫
−

.
42x

xdx    3. ∫ − .15arctg dxx   

4. ( )∫ + .8sin352 xdxx    5. ∫
++

− .
62

3
2

dx
xx

x    6. ∫
+

++− .
3

49
2

35
dx

xx
xx  

7. 
( )( )∫

+−

+ .
12

76
2

2
dx

xx
xx    8. 

( )( )∫
+−
++ .

21
224

2

2
dx

xx
xx  

 
Variant 20 

1. ∫ 












− .

3

3
2

3
2

dxxa    2. ∫ −
+ .

12
52 dx

x
x    3. ( )∫ − .5cos23 xdxx     

4. ( )∫ − .4sin3 2 xdxxx    5. ∫
++

+ .
52

23
2 dx

xx
x    6. ∫

+

++− .
5

2355
2

23
dx

xx
xxx     

7. ( )( )∫ −−
++ .

32
456 2

dx
xx
xx    8. 

( )( )∫
+++

++ .
21

977
2

2
dx

xxx
xx  

 
Variant 21 

1. ∫ 





 − .1 2

dx
x

x    2. ∫
+ .ln dx
x

xx    3. ( )∫ + .3cos74 xdxx    

4. ( ) ( )∫ ++ .1ln1 2 dxxx    5. ∫
−+

− .
132

12
2

dx
xx

x    6. 
( )( )∫

+−
++ .

11
344

2

2
dx

xx
xx  

7. ( )( )∫ −+
+−+− .

13
9752 23

dx
xxx
xxx    8. 

( )( )∫
+−

++ .
21
2446

2

2
dx

xx
xx   
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Variant 22 

1. ∫ 





 − .1 2

dx
x

x    2. ∫
+

+ .
4

3
2

dx
x

x    3. ( )∫ − .5cos38 xdxx     

4. ∫ .ln2 xdxx    5. ∫
−−

.
1 2xx

xdx    6. .
5

125
2

35
dx

xx
xx

∫
+

++−     

7. 
( )( )∫

−+

++ .
11

4146
2

2
dx

xx
xx    8. 

( )( )∫
++
++ .

32
623

2

2
dx

xx
xx  

 
Variant 23 

1. ∫ 









− .11

4 3
xdx

xx
   2. ( )∫ − .92 9 dxx    3. ( )∫ − .2sin32 xdxx     

4. ∫ .ln2
dx

x
x    5. ∫

++
.

823 2 xx
xdx    6. ( )( )∫ +−

− .
22

82 3
dx

xxx
x     

7. 
( )( )∫

+−

−+ .
13

4186
2

2
dx

xx
xx    8. 

( )( )∫
+−
+− .

13
12

2

2
dx

xx
xx  

 
Variant 24 

1. ( )( )
∫

++ .143
dx

x
xxx    2. ∫ .

cos
tg

2 dx
x

x    3. ( )∫ + .5sin43 xdxx    

4. .ln
3 2

2

∫ dx
x

x    5. ∫
++

+ .
64

25
2 dx

xx
x    6. ( )( )∫ +−

−−+ .
11

324 23
dx

xxx
xxx     

7. 
( )∫
+

−+− .
5

4146
2

2
dx

xx
xx    8. 

( )( )∫
+−+

−+ .
16

22
2

2
dx

xxx
xx  

 
Variant 25 

1. ∫ 





 + .1

2
1 2

2
dxx

x
   2. ∫ .

5

5 dxxtg
   3. ( )∫ − .3sin82 xdxx     
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4. ∫ ⋅ .sin2 xdxe x    5. ∫
++

.
1162 xx

dx    6. ( )( )∫ +−
+− .

21
253 23

dx
xxx

xx   

7. 
( )∫
+

++ .
3

12106
2

2
dx

xx
xx    8. 

( )( )∫
+−

−+ .
46
755

2

2
dx

xx
xx  

 
Variant 26 

1. ( )( )
∫

+− .11 dx
x

xx    2. ∫ .sin2 xdx    3. ( )∫ −− .232 21 dxx x     

4. ∫ − .cos3 xdxe x    5. ∫
−+

.
542 xx

xdx    6. ( )( )∫ +−
+ .

54
202 3

dx
xxx

x     

7. 
( )( )∫

−−

++ .
14

2156
2

2
dx

xx
xx    8. 

( )( )∫
+++

−+ .
431

43
2

2
dx

xxx
xx  

 
Variant 27 

1. ∫ 





 + .1 3

dxx
x

   2. ∫ .
2

cos2 dxx    3. ( )∫ − .52 6 dxx x     
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Variant 28 
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x
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3
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




 − .3

3
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3

2 dx
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2123 23
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2
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4
2 dx
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Variant 29 

1. ∫






 +
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1

2
1 3

dx
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+
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5
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Variant 30 

1. ∫






 +

.
2

1

3

2

dx
x
x

x
   2. ∫ ⋅ .

3 2
3

x

dxxtg    3. ∫ −⋅ .9
2

2 dxx x     

4. ∫ .52 dxex x    5. ∫
+−

− .
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2 dx

xx
x    6. ( )( )∫ +−

− .
13

72 3
dx
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xx   

7. 
( )∫
−

−+− .
5
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2

2
dx

xx
xx    8. ( )∫

+
++ .

1
6127

2

2
dx

xx
xx   
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Theoretical Questions 
 

1. An antiderivative.  
2. An indefinite integral. 
3. The integral sign. 
4. The integrand expression. 
5. The integration variable. 
6. An arbitrary constant. 
7. The key theorem on antidertivatives. 
8. Properties of the indefinite integral. 
9. The theorem of invariance of the integration formula 
10. The basic table of integrals. 
11. Change of the variable (substitution) in the indefinite integral. 
12. Different substitutions. 
13. Integration by parts. 
14. Three classes (types) of integrals. 
15. Integration of rational functions. 
16. A polynomial of the n-th degree. 
17. Proper and improper integrals. 
18. Linear and quadratic factors. 
19. Decomposition of a fraction into partial fractions. 
20. The method of indeterminate coefficients. 
21. Integrating trigonometric functions. 
22. Integrals containing linear and linear fractional irrationalities. 
23. Integrals containing quadratic irrationalities. 
24. Integrating some simple irrational functions. 
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