MINISTRY OF EDUCATION AND SCIENCE OF UKRAINE

SIMON KUZNETS KHARKIV NATIONAL UNIVERSITY OF ECONOMICS

Guidelines
to practical tasks on the indefinite integral
on the academic discipline

"MATHEMATICAL ANALYSIS
AND LINEAR ALGEBRA"

for full-time foreign students
and students taught in English of training direction
6.030601 "Management”
specialization "Business Administration”

Kharkiv
S. Kuznets KhNUE
2016



3aTBepaXeHO Ha 3acigaHHi kadeapu BULWOTI MaTEMATUKN 1 €KOHOMIKO-
MaTeMaTU4YHUX MeTO.iB.
MpoTtokon Ne 8 Big 04.03.2016 p.

Compiled by le. Misiura

Guidelines to practical tasks on the indefinite integral on the
G 94 academic discipline "Mathematical Analysis and Linear Algebra" for
full-time foreign students and students taught in English of training
direction 6.030601 "Management" specialization "Business Admin-
istration" / compiled by le. Misiura. — Kharkiv : S. Kuznets KhNUE,

2016. — 48 p. (English)

The sufficient theoretical material on the academic discipline and typical examples
are presented to help students master the material on the theme "The indefinite inte-
gral” and apply the obtained knowledge to practice. Individual tasks for self-study work
and a list of theoretical questions are given to promote the improvement and extension of
students' knowledge on the theme.

Recommended for full-time foreign students and students taught in English of
training direction 6.030601 "Management" specialization "Business Administration".

© Simon Kuznets Kharkiv National
University of Economics, 2016



Introduction

Integral calculus plays a very important role in economics in particular in
problems concerning the optimum management and plans. Therefore the
deep knowledge of this section of mathematical analysis and linear algebra is
necessary for modern economists.

In the guidelines, only the most principal topics of integral calculus are
stated in brief.

The present guidelines are the continuation of the part where the no-
tions of differential calculus were discussed. By means of these notions, the
notions of the indefinite integral and the antiderivative of the function being
the most fundamental ones in mathematics can be introduced.

Guidelines for the Indefinite Integral

Let us consider the inverse problem: the derivative of a function is giv-
en, it is necessary to find this function. In our case we are given a function

f (x), which is the derivative of a certain function F(x), that is F'(x)= f(x)

an it is required to restore the function F(X).
Definition. The function is an antiderivative (or a primitive function) of
the function f(x) on an open interval (a, b) at any point of this interval. The

function F(x) is differentiable, where F'(x)= f(x). Instead of the open in-

terval (a, b) we can consider a closed interval or a half-interval.

Let us as see whether or not the antlderivative is determined for a func-
tion in a unique manner.

Let us formulate the key theorem on antiderivatives.

Theorem. Every continuous function possesses an indefinite number
of antiderivatives, any two of them only differing by a constant.

Proof. Let Fy(x) and F,(x) be antiderivatives of a function f(x) on an

open interval (a,b). Then Flr(x): f(x) and FZI(X): f(x) on this interval,
that is

[F(x)- Fl(X)], = f(x)- f(x)=0



and the function F(x)=F,(x)—F/(x) is constant: F(x)=C, that is,
F,(x)=Fy(x)+C. On the other hand, if C is an arbitrary constant, and
F(x) is an antiderivative of the function f(x) of the interval (a, b), then ob-
viously, the function F(X)+C is also an antiderivative of the function f(x)
on the interval (a, b). Thus the entire set of antiderivatives of the function
f(x) on the interval (a, b) is contained among the functions of the form
F(x)+ C, where ¢ is an arbitrary constant.

Definition. The collection of all antiderivatives of the function f(x) is
called the indefinite integral of f(x) (written as: If(x):lx). The sign f is
termed the integral sign, the expression f(x)dx Is the integrand expression,

the function f(x) is the integrand (or the integrand function), and the variable
X is the integration variable.
We will write I f(x)jx = F(x)+C if any corresponding antiderivatives

differ by a constant: F(x)=F(x)+C.
Let us note the following obvious properties of indefinite integrals:
1) a derivative of an indefinite integral equals an integrand:

(I £ (x)ax) = £ (x);
2) a differential of an indefinite integral equals an integrand expression:
d([ f(x)dx)= f(x)dx;
3) if f(x)dx=dF(x),then [dF(x)=F(x)+C;

4) the indefinite integral of a sum (or difference) of a finite number of
functions is a sum (or difference) of the indefinite integrals of these functions:

I (- 00c)Bx= ] 1 (okix [ gk

and applying the rule for differentiating a sum to the right member of equality
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we obtain:

(1TF ) gGx) = ([ £ (x)x) (g (x)ax) = F(x)+ g(x)

which coincides with the integrand on the left-hand side of the equality, i.e.

with its derivative,
5) a constant factor in the integrand can be taken outside the sign of

the indefinite integral:
[k f(x)x=k-[ f(x)x, where k =const.

Indeed, the derivative of the right-hand side of the equality, i.e.

(k-] £ (x)ix) =kf(x) and ([kF (x)x) =Kf ()
Is equal to the derivative of the left-hand side;

6) jf(kx)dx:%F(kx)+C.

Indeed,

(1 f (o) = F(kx), (%F(kx)+cj = LK)+ 0= K- )= 1 (k).

that is the derivative on the left-hand side is equal to the derivative on the
right-hand side;

7) j f (kx +b)dx = % F(kx+b)+C, where kx+b is a linear function.

Indeed,

(]  (kx+b)ix) = f (kx+b),

!

Gp(kx+b)+cj :%F’(kx+b)+0:%-k- f(k+b) = F (ke -+b).



The Theorem of the Invariance of the Integration Formula

Let f f(x)jx = F(X)+ C be any given integration formula and U = gp(x)

be any function possessing a continuous derivative. Then
[ f(ujx=F(u)+C.

Proof. From J' f (x)dx = F(x)+C it follows that F'(x)= f(x). Now take

the function F(u)= F(gp(x)) by the theorem on the invariance of the form of
the first differential of a function, its differential is

Hence, [ f(u)du =[dF(u)=F(u).

The Basic Table of Integrals

n+1

+C,n#-1.

1. jxndxzx 7
n+

2. [P _ix+c.

Y X
3. [dx=x+C.
4. [0-dx=C.

X

5. [a¥dx="+C, (a>0,ax1).
Y Ina

6. [e*dx=e*+C.

7. [sinxdx=-cosx+C.
8. [cosxdx=sinx+C.
9

[tgxdx =—Incos x|+ C.

10. [ctgxdx =Injsin x|+ C.



11. j_d)z( =—ctgx+C.
sin“ x
12. | d); =tgx+C.
COS“ X
dx X
13. [——=Injtg—{+C.
sin X 2
dx X T
14. [——=Intg| =+— ||+ C.
COS X 2 4

. I dx  [arctgx+C
" Y14x2 | -arcctgx+C
dx larctg§+C
16. | -;a @ (a>0).
a® + x> 1 X
——arcctg—+C
a a
f arcsinx+C
17 4/ —arccosx+C
dx arcsin§+c
18, [——— = . (a>0).
vaf—x*|_ arccosg +C
19. | LS . Y (a=0).
xZ_aZ 2a \x+a\

dx
, —:In‘x+\/x2ia‘+c, a=0).
0 jx/xzia (@=0)

Integration with the aid of the table of basic indefinite integrals is called
the direct integration.

Let's consider two examples of this method.

Example 1. Find the integral:

j(Zx +L—e jdx=

2x3

apply the property : % = X
X



- j(2x2 +%- XS — eX)dx = |use tabular integrals 1and 6/ =

X2+l 7 X—3+1

+_. —
2+1 2 -3+1

eX+C:gx3—£x‘2—eX+C.

Example 2. Find the integral: ICOSZ 3xdx.

Solution. Here we reduce the degree of the integrand, i.e.

1
cos? 3x = 5(1+ cos6x) and substitute it under the sign of integral

[ cos® 3xdx = j%(1+ cos6x)dx = %j(1+ cos6x)dx = %j dx+%jcos 6xdx =

applying tabular integrals 3 and 6 and property 6 and we get

=lx+£lsin6x+c :1x+isin6x+C.
2 2 12

Change of the Variable (Substitution) in the Indefinite Integral

Let the function F(X) be an antiderivative of the function f(x) on a
closed interval [a, b], and let the function X = (o(t) attains values on the inter-

val [a, b] for te [a, ﬁ]. If the derivative of gp(t) exists, then, by the formula
for differentiation of a composite function, we have:

Fp(t)=F'(x) or F'(p(t))=fle(t)e't).

Therefore, the function F(gp(t)) is an antiderivative of the function
f(p(t))'(t) for t € [a, B] that is

[ f(p(t)'(t)dt = [F'(e(t)dt = F(e(t))+C for tela, B].



Let us put F(p(t))+C = jf x)dx if X =g(t) and therefore, we get the
following formula for change of variables in the indefinite integral:

[ f(x)dx=] f(o(t)'(t)dt =] f(e(t))de(t).

2xdx

Example 3. Find the integral: j
X+l

Solution. If we suggest that x 24+1=t then the numerator 2xdx is
readily dt and the integral is reduced to

t=x2+1
2xdx dt =t dx dt
I 2 1: ' :IT:
o dt:(x2+1)dx

dt = 2xdx

It is the tabular integral, then

=Init|+C =
Let us get back to the previous variable by substitution x> +1=t:
= Injx* +1
=Inx“+1+C.

Example 4. Find the integral: j‘sin3 X COS XdX.
Solution. Because d(sinx)=cosxdx and assuming t=sinx we

transform the integrand expression sin> xcos xdx =sin® xd(sin x) = t3dt
then
., t=sinx, dt=t dx ;
[sin® x cos xdx = , = [t%dt =
dt = (sin x) dx, dt = cos xdx



It is the tabular integral, then

4
4

Let us get back to the previous variable by substitution t =Sin Xx:

_Lsindxic.
4

Example 5. Find the integral: j\/l—xzdx.

Solution. Let X =sint, then dx = (sint) dt = costdt, substitute it in the
integrand expression

[V1-x%dx = [y1-(sint) costdt = [+/(cost)? costdt = cos tdt =

1+ cos2t

applying the formula cos’t = T we get
:jwdt:lj(1+c032t)dt=ljdt+1j0052tdt=1t+1-lsin 2t+C =
2 2 2 2 2 22

returning to X we must use that t = arcsin Xx:
1 i 1. :
= arcsinx +=sin(2arcsinx)+C =

and we know that Sin 2a = 2Sin @ COS &, then

sin(2arcsin x) = 2sin(arcsin x)cos(arcsin x)

and sin(arcsin x) = x, cos(arcsin x)=+/1-sin2(arcsin x) = V1— x2 , we write

10



~Larcsinx +lsin(arcsin x)cos(arcsin x)+C = %arcsin X +%x\/1— x? +C.

In many cases the substitution t=l//(X), where w(x) has the inverse

function X = gp(t), IS more convenient.

dx
Example 6. Find the integral:j —
SIN x

. . : . X X _
Solution. Representing Sin X =2sin ECOSE and using the change of

. X
SIN—

X
variables =1g - =1, where the denominator of the integrand is divided

X
COS
2

- . X
and multiplied simultaneously by COSE’ we get

cosidx cosE
SINX " 9sin lcosi Zsinicos25 sin5 ZCos25
2 2 2 2
COS — '
where )% =} and dt=(tg§j dt=1 1 de=ix,we obtain
sin> ¢ 2 2 0052 X 2c0s2 "~
2 2
= j}dt =
{
It is the tabular integral, then
=Init|+C =

X
Let us get back to the previous variable by substitution t =tg E:

11



Example 7. Find the integral: j

COSx

Solution. Assuming x+%=t, (x+%) dx =dt or dx =dt and writing

COSX = Sln(x + Ej we obtain the integral that is analogous to the previous

dx
| = ax = f“ =Intg£+C=IntgE x+Z]+C=
COS x , T sint 2 2 2
sinf x+—
2
:Intg(§+£)+C.
2 4

The integrals 4 and 5 should be remembered because they are fre-
guently used as table integrals.
It is necessary to pay attention to the following: if the numerator of the

integrand is the differential of the denominator then the substitution t = f(x)
just gives the result, i.e.

jf'(x)d":jdf(x) it Int|+C =In| f (x) +C.

flx) 7 flx)
Integration by Parts

Let us prove the validity of the formula

JuOOv'(x)dx =u(xv(x)—[u'(x v(x)

assuming that both sides of the equality have sense. For this purpose, it is
sufficient to evaluate the indefinite integral of both sides of the equality

12



WOV (x) = [UON()] —u(xV(x).
Let us give a simple notation of the formula for integration by parts
Ju(x)dv(x)=u(xv(x)—[v(x)du(x).

There are classes of integrals which are found by means of this method.
This method is applied to three types of integrals.

Type | No. Kind of integral The factor U The factor dv
j P, (X) a’*dx, where

o |t | | P, () a*dx
L P, (X) is a polynomial
=
1] X
E | 2 |[R(x)-e’dx P (x) e*dx
2 - :
= | 3 |[Py(x)-sinxdx P, (X) sin xdx

4 | [Py(x)-cos xdx P, (X) cos xdx

5 | [P,(x)-arccos xdx arccos x P, (x)dx
[0} s -
S | 6 |[P,(x)-arcsin xdx arcsin x P, (x)dx
= .
§ 7| [ P(x)-arctgxdx arctgx P, (x)dx
w ]
2 | 8 |[P(x)-arcctgxdx arcctgx P, (x)dx
— .

9 | [P,(x)-Inxdx Inx P, (x)dx
, | 10 |)a’sinxdx sinx or a* | a*dx or sinxdx
o .
2 | 11 | [e"-sinxdx sinx or € | edx or sin xdx
= .
o | 12 |]a"-cosxdx cosx or a* | a‘dx or cosxdx
o .
l_ ~

13 | |e"-cosxdx cosx or € | e*dx or cosxdx
For instance, let us consider [P,(x)-arccosxdx, _an(x)-arCSin xdx,

| P (x)-arctgxdx, [P, (x)-arcctgxdx. [ P,(x)-Inxdx and others.

13



du

Example 8. Find the integral: f—dx

I

Solution. It is the integral of the second type:

u=Inx dv—%
— , I
Then
—:1)’+1 :2% 3 2
_ _= 3 _ X7 _°y3
—(Inx) dx dx v={dv Ii/_ [x 3dx= 1,72 X
3 3

Let's substitute functions into the formula Iu -dv=uv-— JV -du and get:

2 2 2 1
fln—xdx— 3x3 Inx—j§x3%:§x3 Inx—Ej'x 30x =
2 X 2 2
2 2 2 2
§x3 Inx—§ §x3+C— X3 Inx—zx3+C.

Example 9. Find the integral: ijOSSXdX.
Solution. It is the integral of the first type: u = X, dv = cos 3xdx.

Let's find du = dx, v = [ cos 3xdx = %sin 3X (suppose that C = 0).

Let's substitute functions into the formula Iu -dv=uv-— JV -du and get:
1 . 1.
[ xcos3xdx = x- =sin3x — [ =sin 3xdx.
3 3
Let's apply the table of the basic integrals and obtain:

jxcos?,xdx :fsin 3x—1(—1c033xj+c = Esin 3x+lcos3x.
3 3L 3 3 9

14



There are cases where we must use the rule of integration by parts
several times.

Example 10. Find the integral: IXZ sin xdx.
Solution. It is the integral of the first type.

_ 2 i
szsinxdx: U=x" dv=sinxdx :—xzcosx+jcosx-2xdx:
du=2xdx Vv=-CcosXx

~ {u =x dv=cos xdx}

= _ = —x%cos x + 2(xsin x — [ sin xdx) =
du=dx v=sinx

— —x2 COS X + 2XSin X +2¢os X + C.

Example 11. Find the integral: [e* sin xdx.
Solution. It is the integral of the third type.

Let's assume u=¢e*, dv=sinxdx, then du=e*dx, v=-cosxdx
and

jex sin xdx = —eX cosx+jex cos xdx.

We apply the rule of integration by parts to j e* cosxdx once more,

suggesting U =e*, dv=cosxdx and du=e*dx, Vv=sinx we rewrite as:
[e*sin xdx = —e* cos x +e* sin x — [ e* sin xdx.

Here we have obtained —jex sin xdx . Transferring this integral into the
left-hand side, we get

ZJ'eXsin xdx = —e* cosx +e*sin x+C

or [e*sin xdx:%ex(sin X—C0SX)+C.

15



Example 12. Find the integral: farctgxdx.

Solution. Let us denote u=acrtgx,dv=dx, then we obtain
dx
1+ X

du = V =X, then

2 1

2X

2dx:xarctgx—lj dx =

arctg xdx = xarctg X —
j J J J1+x 2°1+X

2

Here we see that 2xdx =d (XZ +1), then we write:

[ arctgxdx = xarctgx — j > dx = xarctgx — = j 5 dx =

1+ X? 1+ x°

—xarctgx——jl“—)dx xarctgx——ln‘1+x ‘ +C.

1+ X2
Integration of Rational Functions with a Quadratic Trinomial

The rational functions with a quadratic trinomial are the functions of the
kinds:

I A dx J- Ax+B dx. A dX,I Ax+B dx.

2
ax“ +bx+c ax® +bx+c Jax? +bx+c Jax? +bx+c

where ax? +bx +c¢ is the quadratic trinomial.

: . . A
Let's consider the first and second integrals: j 5 dx,

ax“ +bx+c

- dx. They are reduced to tabular integrals if you allocate the
\/ ax“ +bx+c

perfect square in the denominator with the help of the formulas:

(y+z)? =y2+2yz+2°
(the square of the sum or the square of the difference).
16



2
Example 13. Find the integral: I dx.

VX2 +8x+25
Solution. Let's allocate the perfect square in the denominator with the

help of the formula (y+ z)2 = y2 +2yz + 2% and get:

X2 +8X+25=x>+2-4-Xx+16+9=x>+2-4.x+4% +9=(x+4) +9.

Let's substitute:

2 dx
dx = dx=2- :
VX% +8x+25 I\/(x+4)2+9 J\/(x+4)2+9

Let's use the tabular integral 20. We have

2. — % o

\/(x+4)2+9
(x+4+\/(x+4)2+9)

+C =

(x+4+\/(x+4)2+9j

=2-In

+C=2-In‘(x+4+\/x2+8x+25)‘+C.

Ax+ B
Let's consider the third and fourth integrals: I > dx,
ax“ +bx+c
Ax+ B . . .
dx. To integrate these functions we should use the following
\/ ax? +bx+c

rules:
1) to allocate the perfect square in the trinomial with the help of the for-

mulas (yi 2)2 = y2 +2yz+ 72 (the square of the sum or the square of the

difference) and obtain a new denominator (x + p)2 *+q;
2) to apply the substitution:

17



t=Xx+p t=x-p
dt = dx dt = dx
X=t-p X=t+0p;

3) to present the initial integral as a sum of two integrals, the first one is
the tabular integral and the second one may be integrated by substitution.
Let's consider four kinds of such integrals:

< xdx 2
a =—Ja-x“+C, (a=0);
) ) lia—xz

j_xdx ——imhz—#+c,@¢o)
“a—-x 2

xdx = —Ja-x*+C, (a=0);
a—x
—Vx*+a+C, (a=0);

O
N
|

2

)
£
S
N

o
—
N
|

X“ta
4) to get back to the previous variable by substitution:
t=Xx+p, t=x-p.

Let's give examples.
Example 14. Let's find this integral:

t=x-3
(7 -8x)d (7-8x)d " (7-8(t+3))dt .(10—8t)dt
Ix o I 2 =[dt=dx =] 2 =173 =
—6X+2 x 3 —7 t—7 t°—7
X=1+3
tm dt tdt 10 t—Jﬂ
=10 8 ——10 -8
x-3-47| 8, I 2
——In‘t —7‘+C ﬁl x 3+\/_‘ ‘x —6x+2‘+C.

18



2 Xxdx

3x% +5x+4
Solution. We take out the common factor 3 and allocate the perfect
square in the denominator:

Example 15. Find the indefinite integral: j

3x2+5x+4:3(x2+§x+ﬂj:3(x2+2-E (BB, ﬂj
3 3 6 36 36 3

, .5 25 23 5\ 23
=3 X +2-—X+—+— |=3| | X+—| +—|.
6 36 36 6) 36

Let's make the substitution: t = X +%, then x =t —g, dx = dt.

We have
5 5
t—— _v
2 xdx 2xdx [ j 1. 2y

J I —I | dt =
3x% +5x+4 372,28
X+* +* 36 36
6 36

—}I 2tdt 5, dt 1 (t2+§)_§ 6 arctg BL
372,23 972 23 3 36) 9 /23 J_
36 36

We get back to the previous variable. Thus,

6x+§

1, (Hﬁfﬁ 5.6 st 8
3 6) "36| 9 V23" J23 1
—lln(x2+§x+4j > _© 6X+5 C, =

3 37 "3 9J_ S T

1 2 6X+5

=—In{3x“ +5x+4

3 | -3 J_ R
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Integration of the Rational Function

The simplest types of indefinite integrals representable in terms of el-
ementary functions are integrals of the rational function, that is, integrals of

P(x
functions of the form R(x):%, where P(x) and Q(x) are polynomials.
X
If the degree of the polynomial P(X) Is greater than, or equal to the
degree of the polynomial Q(x) (rational function is an improper fraction), we

first divide by the polynomial Q(X), using the rules for dividing polynomials

Here Pl(x) and PZ(X) are polynomials, the degree of the polynomial
P, (X) being less than the degree of the polynomial Q(X).

The integral IPl(x)jx Is readily computed. Thus, when finding the inte-

gral J'%dx we may always see if the degree of the polynomial Pz(x) IS
X

less than the degree of the polynomial Q(X).
2

Py(x)
Q(x)
als P,(x) and Q(x) have real coefficients of the powers of the variable x.

It is possible to simplify the expression for a rational function if the poly-
nomial Q(x) can be written as a product of linear and quadratic factors with
real coefficients

Further we simplify the expression

, assuming that the polynomi-

Q(x)=ag(x x4 - (x =X o (x =% )T

><(x2 + PX+ ql)ll...-(x2 + PsX + qs)ls , 1)

where X, X»,..., X, being the roots and these roots are linear terms.

20



In this case the polynomial Q(x) is said to have the roots X=X,
X = Xoy,..., X=X, of multiplicity m. And the quadratic equations

X2 + p1x+q1:0,...,x2+ psX+0s =0,

have conjugate complex roots (that piz —4q; <0) which are 2s-fold conju-

gate complex roots of the same equations.
It will be assumed that factorization (1) has been determined, it turns

P, (X
out that the fraction % can be represented as a decomposition into partial
X
fractions of the form
B
P(x)_ A LR — Aklk L. B B — krk N
Q) x=x (x=x P ke XX (xex P (e )
C,x+D C,x+D C,x+D
1 4 A d et ()
X"+ PX+ Qg (X2+ p1X+CI1)2 (x2+ p1X+C11)1
Mx+ N M,x+ N M x+N
2ZI. 1+22 2 +...+2|S |s|’
S
X"+ PsX+ (g (x +psx+qsl)2 (x +psx+qs)

where A, A,,..., Akl,..., Ny,..., N, are constants.

S

It follows that the integral of every rational fraction can be reduced to in-
tegrals of partial rational fractions of the indicated typed, namely:

1) [ dx; [P gx;
X—a x* +px+q
Cx+D
2) 4dX 4) , $>0.
IX a)f I(x +px+q)S

Thus when applying the method of integration of rational fractions pre-
sented here we proceed from the factorization of the denominator of the given

21



Py(x)

fraction , to decomposition (2) and replace the given integral by the

sum of the integrals of the corresponding partial fractions.
The finding of forth types of the integrals:

1) jidx:Aln\x—aHC;
X—a

k (X _ a)—k+1
2)j4dx jAX a dx=A———+C;
x a) -k +1
3) in this case j' 2CX+ D dx we apply the rule of integration of func-
X"+ pX+(

tions with a quadrate trinomial in the denominator. Here the first integral is
tabular, the second is equal to one of four integrals, namely:

a) j%——\/a—x2+c, (a=0);

b) | xdx2 :——In‘xz—a‘+c, (a=0);
a—X 2
c) 'x—dx:—\/a—x2+c,(a¢0);
“Ja-x°
d) °L'Zx:\/x2ia+c,(a¢0);
"Jx°+a

4) at last we can find the integral using the method of the decrease of
the power of the denominator and then the method of the integration by parts.

To determine the coefficients A, A,,..., Akl,..., Nq,..., N,S we can
use the following rule: the coefficients in line powers of X on both sides must
be equal to each other. We can find all coefficients by this method. If the roots
of the polynomial Q(x) are real numbers there is a still simple method of de-
terming these coefficients: putting in succession the roots of the polynomial
X=X, X=Xo,.c0, X=X,
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Py(x)
Q(x)

of the expressions of the following types:

Thus the expression

can be represented in the form of the sum

Cx+D

and 5 . The coeffi-
X—a X"+ pxX+q

cients in the expansion of a rational function into common fractions are usual-
ly found by the method of undetermined coefficients: the supposed expansion
Is written with undetermined coefficients. Multiplying both sides of the equality
by the common denominator, we get an equality between some polynomials.
For undetermined coefficients a system of equations can be obtained either
by equating the coefficients of the powers of the variable x on both sides of
the equality or by using this equality for concrete values of the variable X.

3 +1
Examplel6. Find the indefinite integral: Iﬁdx.
X" —x
Here the integrand is the improper fraction because the power of the
numerator is equal to the power of the denominator. Then for the first we di-
vide the numerator by the denominator using the rule of the dividing of the

polynomials and separate the integer part:

3
x+132

; ) X~ —X
X7 =X 1
x2+1
3 2
. X7+ X°+1
Now the fraction is -3 =1+ﬁ. Thus,
X° —X X° — X

3_ 2 3 3 _ y2

3 2 2
X—dezj ]__|_X—+12 dXZIdX-i- X—+1dx
X" =X X" =X

Here we can represent the rest integral as the sum of partial fractions:

x*+1 _A B

x*(x-1) x* X

where A, B,C are undetermined coefficients.
23
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Since the denominators on the left and right are equal and the fractions
are identically equal, then the numerators are equal too.

Reducing to the common denominator and equating the numerators on
the both sides of this equality, we have

x% +1= A(x—1)+ Bx(x —1)+Cx?.
Let us collect:
x2 +1=x2(B+C)+ X(A—B)+(-A).

and consider the first method of finding of undetermined coefficients.
To find the coefficients, we equate the coefficients at the equal powers
of x on the left and on the right:

for x%: 1= B+C,
for x: 0= A—B,
for x%: 1=—A.

We find the undetermined coefficients:
from the 3rd equation: A=-1;
from the 2nd equation: A=B =-1;
from the 1st equation: C =1-B=1—(-1)=2.

So,
xS +1 X + B C
a0 2 T dx= jd a0 dx jdx+j(—+x+x—1)dx_
-1 -1 2 1
:jdx+j(xz+ 9 +X_de:jdx—jx—zdx—j;dx+2jx—_1dx:

— X+~ Injx|+ 2Inx -1+ C.
X
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Example 17. Find the integral: I

X3 -1
Let us decompose the fraction into partial fractions:

1 1 _ A Bx+C
x3—1_(x—1)(x2+x+1)_x—1 (x2+x+1)'

Since the denominators on the left and right are equal and the fractions
are identically equal, then the numerators are equal too.

Then 1= Al + x+1)+ (Bx+C)x—1).
Let us collect:

1=x*(A+B)+x(A-B+C)+(A-C).
Equating the factors at the identical degrees of x we obtain the coeffi-
cients:

for X2: 0= A+ B,
for x*: 0=A-B+C,
for xX%: 1= A-C.
We obtain the coefficients:

from the 1st equation: B = —A,
from the 2nd equation: C=—A+B=-A—- A=-2A,

from the 3rd equation: 1= A—(—2A) or 1=3A or A=

then B:—A:—E, C :—ZA:—E.
3 3

0, [~ —I( s )]dxzf x%f_(zgx_% ox =

xS —1 Q2+x+1 X +x+ﬂ
t:x+%
_lpdx L x+2 x="injx—1- “5 dx =|dt = dx |=
T30x-1 302yt 3( 1]3
X+ | +- 1
2 X=t——

25



t_
1 1,75 1 1, t 1 dt
= Infx=1->[—2dt="Inx-1->[— -dt+= -
3 n‘X 1‘ 3J.t2_|_3 3 n‘ 1‘ t2+§ +6J. , (ﬁjz
"+ —
:lln\x—ﬂ 11 nit? +— arctg——
3 32 4 6(/ f/
1 1 12 x+—
==Inx-1-=In| x+ ——arct
3 x4 6 ( j 6\F/ gf/
=%|n\x—ﬂ—%ln‘x2+x+q \/_arctgzi(/fl +C.
15x° —4x—81

Example 18. Find the integral: j X
(x—=3)x+4)x-1)

The integrand is the proper fraction, let us decompose it into partial
fractions.

15x°-4x-81 _ A B C
x—3)x+4)x-1) x-3 x+4 x-1
(x=3)(x +4)x~1)

Since the denominators on the left and right are equal and the fractions
are identically equal, then the numerators are equal too.
Let us reduce to the common denominator and equate the numerators:

15x% —4x—81= A(x+4)(x —1)+ B(x —3)(x 1)+ C(x — 3)(x + 4).

Let us consider the second method of finding of undetermined coeffi-
cients.

Let us substitute the first root of the denominator X = 3 into this expres-
sion:

15-9-4.3-81=A(3+4)3-1)+B-0+C-0,
26



42=14A or A=3.

Let us substitute the second root of the denominator X = —4 into this
expression:

15-16+4-4-81=A-0+B(-4-3)-4-1)+C-0,
175=35B or B=5.

Let us substitute the third root of the denominator X =1 into this ex-
pression:

15-1-4-1-81=A-0+B-0+C(1-3)1+4),
—70=-10C o C=T7.

15x% —4x 81 C
S = dx =
> I(x 3)x+4)x— 1 I(x 3 x+4 " x= 1))(

:j( 3 n 0 + ! jdx:3j—dx+5jidx+7jidx=
x—-3 x+4 x-1 X—3 X+4 x-1

=3Injx—3+5Injx+4{+7Inx-1+C.

Integrating Trigonometric Functions.
Integrals of Type [R(sinx,cosx)dx

In this case, it is convenient to use the substitution t =1g—, since the

2

5+ COSX = 5 and dx = 2dt2
1+t 1+t 1+t

of the variable X. The integration of the form _[R(Sin X,C0S X)dx with the aid

functions SIin X =

are rational functions

of the substitution t = th IS sure to give the desired result, but it is because

of its generality that this method may not be the best from the point of view of
brevity and simplicity of the transformation involved.
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For a number of special cases, simple change of variables are possible,
which can be justified in the following way.

Let the expression jR(sin X, COS X)dx be even with respect to SinXx,
then the given integral is reduced to an integral of a rational function since
cos xdx = —d(sin x) = —dt considering in a similar way, we arrive at a conclu-
sion that in the case when the expression IR(Sin X,cos X)dx is even with re-

spect to COS X, and the other is odd, the substitution COSX =1 reduces the in-
tegral f R(sin x,cos x)dx to an integral of a rational function.

Let's now assume that the function R(Sin X, CO0S X) possesses one of the
following properties:

a) both of them, sin X and cos X, remain unchanged when sin X is re-
placed by (—sin x) and cosx by (- cosx);

b) both of them, sin X,cos X, change the sign when Sin X is replaced by
(—Sin X) and COSX by (— Cos X). It is sufficient to consider only the first case
since the second case can be reduced to the first by multiplying both the nu-
merator and denominator of the rational function R(Sin X, COS X) by sinx or

CosX. The integral IR(Sin X,C0S X )dx is reduced to an integral of a rational

function by the substitution t=1tgX or t=cCigx since COSZX=1 5
+t
2 £2

sin® x = 5 and dx = 5 of CoS® X = 5 sin x = 5 and
1+t 1+t 1+t 1+t
dt

dx =— 5
1+t

And now consider the integrals of the form
[sin™ xcos" xdx,

where m and n are integers. Then
a) if m>0 is odd, m= 2k —1 the substitution cosx =t immediately
reduces the integral to a rational function;

b) if n>0 is odd, n = 2k —1 the substitution sin X =t yields the same
result;
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c) if both exponents m and n are positive and even, the result is readily

obtained by means of trigonometric transformations with multiple arguments.
. ) 1—cos2x 2 1+ cos2x .
For instance, SIN® X=———— and COS” X = T In conclusion

we would like to note that integrals containing products of trigonometric func-
tions of the form sin2x and cos2Xx are reduced to integrals of the form

Isin axdx and ICOS axdx by means of the following formulas:

sinaxsin A = %(cos(a — B)x—cos(a + B)X);
Sin ax cos Ax = %(sin(a + B)x+sin(a - B)X);
COS X COS /X = %(cos(a + B)x +cos(a — B)x).

Example 19. Find the indefinite integral: jsin5 X COS xdX.

Solution. We have: (sin x) =cosx, then t =sin x and dt = cos xdx.

6 . g
sin® xcos xdx|[ t°dt =%+C - sm6 XiC.

Example 20. Find the indefinite integral: Isin2 X C0S® XdX .

Solution. We have:
2 1 : 1
[sin? xcos® xdx = [ (sin xcos x) dx = j(asin ZXJ dx = jzsin2 2xdx =

2 1-cos2x

Let's use this formula sin“ X = B — and get:
= 1jsin2 oxdx = L [1TC0SAX g 1j(l—cos4x)dx S —chos4xdx.
4 4 2 8 8 8
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The last integral is calculated with the help of the substitution 4x =t,
then 4dx = dt. We get

jcos4xdx:jcostgzlsint+cl ~Lsin 4% +C; .
4 4 4
Thus,
jsinzx0052xdx:lx—l(lsin4x+clj=1x—isin4x+C,
8 8\4 8 32
1
where —§C1=C.

Example 21. Find the indefinite integral:

[ sin5x cos 2xdx = j%(sin 7X+sin 3x)dx = %jsin 7xdx+%jsin 3xdx =

_l(_ cos7x) 1[_ cosij__cos?x_cosBerC
2 7 2 3 14 6 '
. e dx
Example 22. Find the indefinite integral: j - :
3+ 5SIn X+ 3C0S X

Solution. Let's use the substitution tggzt, then gzarctgt,
dt
dx=2 and we get
1+t? ?
| dx - 2 dt
3+5sinX+3C0SX _t? 2
345. 2t2+3'1 t2 1+t
1+t 1+t
y 201+1?) d 20t B
31+1t2)+5-2t+3(1—t2) 1+t 3+3t2+10t +3—3t2
= | 2dt = at =lln\5t+3\+C=Eln5tg§+3+C.
10t+6 °"5t+3 5 5 2

30



Integrals Containing Linear and Linear Fractional Irrationalities

1. Let's consider the indefinite integral of the form

m r
JRIx,x™,..,xs |dx,

where R is a rational function of its arguments.

Let's use the substitution X =tk, where k is a common denominator of

. m r ) .. . .
the fractions —,...,—, the integrand function is reduced to a rational function
n S

of t.
2. Let's consider the following integral:

IR X’(ax+bjn ,m,(ax+bjs iy
cx+d cx+d

It is reduced to the integral of the rational function with the help of the substi-
tution:

ax+b

—tk
cx+d ’

. . . m r
where K is a common denominator of the fractions —,...,—.
n S

2. Let's consider the following integrals:

a) [R[x,va®—x*|dx,
b) [R{x,va®+x* |dx,
c) [R[xVx*-a*|dx
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Such integrals are founded with the help of substitutions:

a) x=asint or x =acost,
b) X=atgt or X =actgt,

a a
C) X=——0r X=——.
cost sint

/ 4— 52
Example 23. Find the indefinite integral: j )3 dx.

)C
. . X
Solution. Let's use X =2sint, then dx=2costdt and t=arcsm§.

Let's substitute and get:

I\/(4—x2)3:jJ(4 4sin t)3 stdt:j&/(l_smztfcostdt:

x° 64sin°t 32sin°t
_jcos t stdt——jcos t _Icos t dt _I oty dt2 |
sin®t Sin t sint sin®t sin“t
- 1
Let's use the substitution ctgt =z, then ————dt =dz.
sin“t
Thus,
A_ 52 1 /5 /5 5
| 6x =—"[z'dz=->-"+C=-"_+ _ ot ¢
X 5 20 20
Using
g (-
cos t_ (1—sin2t)5 L
Ctg™x 5 5 - 5 !
sint  sin®t (x)
2




we get

J (4_X2)3dx=—1 “(4_X2)5+C
x° 20 X°

x+3x2 +8x

Example 24. Find the indefinite integral:
/ (1+\/_)

Solution. Let's find the common denominator of fractions .tis 6,

ooIN
cnll—\
00|I—\

then we can use the substitution X =t° and dx = 6t°dt. Thus,
Ix+3’/x_2+9/§dx_Jt6 +1* +1

x(1+ §/§) t® (1+t2)

t(t°+t3 +1)t

(e

t6(1+t2)

.6tdt =

5 3
dt=6[ "t gt
t*+1

Let's get:
t*+1
3

> +t3+1

o +13

Then

x+3x? +8x s 1 t4
J x(1+§/;) dX—GI(t +mjdt—6 Z+arctgt +C =

6/_4
_6[g+arctg\f}+c— 23/x2 + garctg¥/x +C..
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VX+4

X

dx.

Example 25. Find |

Solution. Let's use the substitution x+4=t2, then x:t2—4, and
dx = 2tdt. Thus

I\/x+4dX: 2t _ 2t? dt_zjtdt'
X t° -4
We get:
t? t2—4
t2—4 [1
4
and
j'x+4dx=2j(1+ 24 dt =2t +8. 1 Int_2+ =
X —4 2:2 |t+2
VX+4-2
=2X+4 +2In|——— |+ C.
X+4+2

Applications of the Indefinite Integral
in Business and Economics

Example 26. The monthly marginal cost function for a product is given
as MC(x)=x+25. If 40 UAH are fixed costs, find the total cost function

TC(x) for the month.

Solution. We will use the cost function as the antiderivative of the mar-
ginal cost function:

2
=jMC(x)dx=j(x+25)dx=X7+25x+C.
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Let's use the fixed cost in order to find the value of the constant C . Ac-
cording to the condition of this task: TC(0)=40. We have

2
TC(O):%+25-O+C:C:4O or  C=40.

2
X
Thus, the total cost function for the month is TC(x)= 3 +25x+40.

Example 27. The marginal revenue function for a product is
MR(x)=88-10x. The marginal cost function is MC(x)=6x+40, and the
cost of producing 20 units is 2 280 UAH.

a) find the profit function P(x);

b) find the profit or loss from selling 60 units.
Solution: a) let's remember the relationship between revenue and cost
functions:

R(x)=P(x)+C(x).

Then

We will use the revenue function and the cost function as the antideriva-
tives of the marginal revenue function and the marginal cost function corre-
spondingly. Let's find them:

2
R(x) = [ MR(x)dx = [ (88 —10x)dx = 88x —10X7 +C, =88x—5x% + Cy,

Let's use R(0)=0. It gives us that C; = 0, so R(x)=88x—5x".
Let's find

2
C(x)= [MC(x)dx = [(6x +40)dx = 6% +40x +C; = 3x% +40x + C,

and

C(20)=2280=3-20° +40-20+C,
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or C, = 2280 —3-20% —40-20 = 2280 —1200—800 = 280.

Then

C(x)=3x? + 40x + 280.

Let's find the profit function P(x):

P(x)= R(x)—C(x)=88x —5x? — (3x + 40X + 280 )= 48x —8x? — 280;
b) find the profit or loss from selling 60 units:
P(60)=48-60—8-60% — 280 = 2880 — 28 800 — 280 = —26 200,
so there is a loss of 26 200 UAH.
Example 28. The average cost of a product changes at the rate

—~ 21
C'(x) = -12x 2 +E. The average cost of 12 units is 20. Find the average

cost of producing 24 units.
Solution. First, we need the average cost function, then we can evalu-
ate itat x =24

—-2+1
CT(X)szT’(X)dij(—lZX2 +ijdx:—1zx s Lyic=iX e
12 -2+1 12 X 12

Let's use C(12)= 20, then ZO:E+E+C or C=20-1-1=18.
12 12
Thus, CT(X):¥+L+18.
x 12
12 24 1

Let's find: C(24)= -+ +18="+2+18=20.5.
24 12 2
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Individual tasks
Find indefinite integrals:

Variant 1
(Wx+2f 3x +1 “3x
1. _de. 2. j3x— dx. 3. [(4—-3x)edx.
. dx X3 +l
4, 6 2xdx. 5. . 6.
'(X ’ )COS X I X2 +2X+5 Ix +x
2
7 - 6X +13X+2dx. J NG +24x+2 dx
T(x+1)(x+2) (x+1)(x +x+1)
Variant 2
L [Rx+1 x—vx+7)x. 2. [4%tdx. 3. [(3x+4)edx
- Xax 5 x> —17
4. . b. —4 5xdx. 6.
"x% —7x+13 I( )COS o I 4x+3
2 2
7 -6X +13X2+8dx. g I4x +3)2(+2dx.
T ox(x+2) (x+1)(x +1)
Variant 3
i/;+12
1. £—de. 2. 3. 4 16x sin 4xdx.
PR e o
dx 3% +1
4. 4x +3 dx. 5. . 6. dx.
j(x +4X + )cosxx j 2 aris Ix » X
7.1—6x2+13x—6 I 7x% +7x -1 dx

(x + 2)(x2 + X +1)

Variant 4

2
(1‘5) |
XL dx 2. [Xdx. 3. [(1-6x)e¥dx.
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4, I(x+2) cos7xdx. 5. I 7—8x dx. 6. I 2x3 +5

2x% —3x+1 W2 _x— 2
7 D [ B
Variant 5
L I(\&X_l)?) dx. 2. _fx-?"2 dx. 3. jln(4x2+1)dx_
4. j(x +7x+12)c036xdx 5. j# 6. | 2>J<rx—16

dx.

—6x% +11x -10 6X2 +9X+6
J 5 dx. 8. | A
(x—2)(x+2) (x+1)(x +2x+3)

dx.

Variant 6
dx
1. j[ J 2. | . 3. Jarctg/6x —1dx.
Jxo Ix3 sin2 X
7
4. j(2x2+4x—7)0032xdx. 5. j 3x-6 dx. 6. j 3x° +25
\/x —4x+5 X —|—3X—|—2
2
6X +11X+de. 8'I 11x2 +216x+10 dx.
(x+1)(x+2) (x+2)(x +2x+3)
Variant 7
§/§+\/§)2 dx _
1. ( dx. 2. [cosvx-—. 3. [e™3(2-9x)dx.
% 2 feosdx g 8 Jera—onjox
2
4. [lox? +9x-+11)cosBxax. 5. [-—2FK g [OX*x-1
i 5x2 —2x+1 (X+1)(X +2)
3 2 2
7 .- 3X +ix +1_ dx 8.j6x +7X+12dx.
(x+2)(x-2)(x-1) (x—1)(x +1)
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4.

Variant 8

.j(l_x)z dx. 2. jx-sin(l—xz)dx. 3. [(5x+6)cos 2xdx.

X~/ X

j(8x +16X + 17)005 Axdx.

I 3x5 +2x° +1
(

x—1)(x —2)(x - 3)

1
X

dx. 8. j

dx

5[

+4X+9

2% +2x+1

Variant 9

3X—2

I(S 7X )cos9xdx 5. | >
X

dx.

+6Xx+9

dx.

I6x2+7x+2 g ng +21x+21

X(x +1)°

I(l x) d 2Ixdx

Variant 10

(x + 3)(x2 + 3)

dx.

(x +1)(x2 +2X + 2)

2
6 J6x +10x +10

dx.

(x —1)(x + 2)?

dx.

X3

2
. j(——zﬁj dx. 2. jzsmx-cosxdx. 3. j(ﬁ-x—B)costdx.

6.j(

dx.

X—1)(x +1)x +2)

3. [(2x—5)cos4xdx.

3Ax cos? x*
: dx
. [(3x+5)?sinxdx. 5. _
I I\/x2+6x+8
—6x2+13x+8 x2 +8x+8
J 2 8. |
X(x - 2) x+2)(x +4)
Variant 11
f( 1.2 ]de 2. jes'” *.sin2xdx. 3. [(x+5)sin3xdx.
Yx  Ix
. [{8=7x? )cos2xdx. 5. Xx+1 4
I( ) jx2—4x+3
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6.j(x

_3x%-12

dx.

x3 —3x2 -12

6.j(

X —4)x—3)x

dx.
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a2 _ 2
7'I 6X° +13x—-7 'ISX +12x+4

(x+1)x—2)° (x+2)x% + 1)dx.

Variant 12
1. f(i/}—lxxﬂﬁx‘&)dx. 2. [5¥*2dx. 3. [arctgy/4x—1dx.

dx 4% + X% 42

dx.

4. [l11—8x?% Jcos7xdx. 5. . 6. dx.
[’ N Tl M Py o)
—6X% +14x—6 —4x% 16X 12
7. — | 7 dx.
(x+1)(x-2) (x 1)(x +4x+5)
Variant 13
2% +x -1 arcsin x
1. dex. 2. jﬂdx. 3. [(4x—2)cos2xdx.
3
4. I(XZ _3x)sin5xdx. 5. j\/%dx. 6. j%dx.
2 2
7 I_6X +1OX_210dx. 8'I 13x —3.3X—|—1 dx.
(x+1)x-2) (X—Z)(x —x+1)
Variant 14
ﬁ—2W+l dx
1| i dx. 2. len3x' 3. [(5x—2)e*dx.
2 : xdx x3 —3x% —12
4, j(x +2x+1)sm4xdx. 5. sz i 6. 'f(x—4)(x—2)x
2 2
7 I6x +2X+3dx. 3. I7x +X—46 dx.

(x +2)x° (x—l)(x2 +9)
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Variant 15
2
1. IX+—5X_1dx. 2. je‘(xz+1)-xdx. 3. jln(x2 —3)dx.

3/x

2x -1 X2 —x3 +1

4, -3 2 d 5. dx. 6. |————=
j(x X + )smx X. Ix2+2x+3 X j 2

9x?% +10X + 2 24x% + 20X — 28
7. j Sdx. 8. j :
(x —1)x +2) (x+3)(x +2x+2)

dx.

dx.

Variant 16

5x° +1 dx
1 = —dx 2.]32

. 3. [(2—=x)sin 2xdx.
X 5 I( )

dx.

5 o3
4. j(x —5x+6)cosxdx 5. szr;)(l+7dx. 6. jx ;zsfx_l

dx.

7'I2X +X+1 I3x +3X+2

(x +1)x* 8 (x+5)(x2 +1)

Variant 17

'[de 2. j[e;+e§} X. 3. [e"%(4x-3)dx.

5 qy3
2xdx 6 I2x 28x +3
VXS +x+1 X° —2X

2 2
7.J~6X +7X+42dx. 3 Jllx +212x+21
(x+2)x+1) (x—4)(x +9)

4, j(x2 +6x+9)sin5xdx. 5. j dx.

dx.

Variant 18

\/E_\/;)3 arcth
1. ( . 2.
| Tox dx I4+x dx. 3. [arcctgy/2x —1dx.
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5 3
4. j(1—5x2)sin3xdx. 5. | 122X . 6. jsx _212)( o
X2 42X +5 X+ 2X
v I 6x2 +5x i 8 I X2+ X+3 dx
T x+2)(x-32% (x—6Xx2+x+1) |
Variant 19
&2+2k2—ﬂ xdx
L[ 2 Ix " 3. [arctg+/5x —1dx.
) _
4. [(x2 +35)sin8xdx. 5. X=3 4 . X+9X+4d.
j@ + ‘km xdx JJx2+2x+6 X. j 2o X
2 2
7.'[ 6X° + 7X dx 8'I4X +2X+2dx.

(x - 2)(x +1)? (x—1)x? +2)

Variant 20

2 23
1.[[a3x3J dx. 2.[2X_F5dx. 3. [(3x—2)cos5xax.

dx.

2x -1
3 2
4, j@x X km4xw< 5. | 3x+2 dx. 6.jx _52 +5X+23
2% + X +5 X +5X
6X° +5X + 4 X% +7x+9
7. dx. dx.
I@—ZXX—@ ”X+QQ2+X+2)
Variant 21
2
1-x X +Inx
1.[(—;;—) dx. 2. | o 3. [(4x+7)cos3xdx.
2x -1 AX° + 4% +3
4. [(x+2D)In?(x+1)dx. 5. dx. 6. dx.
I f\/2x2+3x—-1 I(X—1XX2+1)
7 I_2X3+5X2_7X+9 I6x2+4x+24
7 (x+3)x—1)x (x —1)(x + 2)°
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Variant 22

( 1) X+3
| f——j dx. j\/i 3. [(8—3x)cos5xdx.
X° +4
I—x ° 1+ 25x3 +1

xdx . 6. dx.
V1= x = x2 X2 +5x
I6x2+14x+4 I3x2+2x+6

(x +1)(x —1)? (x+2)x? +3)

=

4. jxlnz xdx. 5. j

dx.

Variant 23
. j[%—%}xdx. 2. [(2-9x)dx. 3. [(2-3x)sin2xdx.
X

4]'”’( 5. [ dx.

6! 2x—8

3x° +2x+8' 2)(x +2)

I6x +18x — 4 dx. 8. I 2%% — X +1

(x —3)(x +1)? (x=3)x2 + 1)dx'

Variant 24
30 . 4
1. j(&+\/f(xﬁ+l) dx. 2. j\/g dx. 3. j3x+4 )sin5xdx.

COS X

In2 x 5x +2 4x3 +2x% —x -3
et 51 R R ) C¥E )

_6x% +14x—-4 X2 42X —2
7. dx. )

I (x +5)x? ’ I(x+6)(x2—x+1)

dx.
+4X+6

dx.

Variant 25

2
1. j(i ) x2dx. 2. jt—dx 3. j( 2 — 8x)S|n3xdx
gi
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4, jezx sin xdx. 5. j 2

]

7.

]

4. fe‘3x cosxdx. 5. |
Jx

J

]

4. [e*cos2xdx. 5. j

]

6X +10x +12
(x +3)x?

(L—x)x +1)
Jx

6x2 +15% + 2,

(x —4)(x —1)

Jx

—6x2+7x—4
(x—l)2 -(x+4)

.-!x3+3x! dx. 2.

Jx

sin xdx. 5. f

- —6X% +7X
' (x+2)(x—1)

dx.

dx —5x2 +2

6. j dx
+6X+11 X(x —1)(x +2)
I5x +5x -7 dx.

(x - 6)(x2 + 4)

Variant 26

xdx

8. |

X2 +x—4

dx. 2. [sin®xdx. 3. [(2x-3)2""**dx.

2x3 4+ 20

v ) (S

dx.

x+1(x +3x+4)

Variant 27

— 2X dx 6. I 6x° +13X+6dx.
5x% +5X + 4 X(x—3)(x +2)
g f 2%% + X +1 dx.
(x +2x+2)
Variant 28
[ 3. j(l —j3x+2dx
\/5x —
X+3 3x3 —x% —12x -2
dx. 6.
1—x—3x° " J X(x +1)(x +2)
3. I X+4
x+2(x +2)

3
(LJM&) dx. 2. jcoszgdx. 3. [(2—x)5>*dx.
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Variant 29

I(Z\FHJ dx. 2. [ 4 dx. 3. [(x+1)sin(x+1)dx.

8

X X°+5
4x —8 2x3 -
. [+/xIn?xdx. 5. dx. 6. dx
I I\/Sx oy I x(x — 1)(x+3)

6x° —10x + 52 3x% +3x +2
N 8. |

dx. dx.
(x = 2)x? (x + C-B)(x2 + 2X +3)
Variant 30
1)2
(XJFXJ dx X o2
, dx. 2. [tg¥x-——=. 3.[2-9°dx.
™3 e 31
3
. [x%™dx. 5. | 25X_10 dx. 6. | 2XTX gy
x> —7x+13 X(x—=3)(x+1)
2
'I_6X +13);_6dx. I7x +32X+6dx.
(x —5)x x(x +1)
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Theoretical Questions

1. An antiderivative.

2. An indefinite integral.

3. The integral sign.

4. The integrand expression.

5. The integration variable.

6. An arbitrary constant.

7. The key theorem on antidertivatives.

8. Properties of the indefinite integral.

9. The theorem of invariance of the integration formula
10. The basic table of integrals.

11. Change of the variable (substitution) in the indefinite integral.
12. Different substitutions.

13. Integration by parts.

14.Three classes (types) of integrals.

15. Integration of rational functions.

16. A polynomial of the n-th degree.

17.Proper and improper integrals.

18. Linear and quadratic factors.

19. Decomposition of a fraction into partial fractions.
20. The method of indeterminate coefficients.
21.Integrating trigonometric functions.

22.Integrals containing linear and linear fractional irrationalities.
23.Integrals containing quadratic irrationalities.
24.Integrating some simple irrational functions.
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BuknageHo HeobxigHM TeopeTudHUM MaTepian 3 HaB4YanbHOI OAUCUMNIIHK Ta Ha-
BeJEHO TUMOBI NPUKNIaaun, ski CNpUaTb HanbinbLWw NOBHOMY 3aCBOEHHIO MaTepiany 3 TeMu
"HeBu3aHadeHnn iHTerpan" i 3aCTOCYBaHHIO OTPMMaHUX 3HaHb Ha npaktuui. MNogaHo 3a-
BOAHHA Ans iHOuBiAyanbHOI poboTn Ta Nepenik TeoOpeTUYHMUX NUTaHb, WO CNpUaTb yao-
CKOHamneHHIo Ta nornnbneHHIo 3HaHb CTYAEHTIB 3 faHOI TEMM.
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