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Introduction 

 

Integral is one of the basic concepts of mathematical analysis and 

mathematics in general. Integral calculus studies the properties and methods 

of computing indefinite and definite integrals. This branch of mathematics 

is of great practical importance and is widely used in various fields of human 

activity. 

The purpose of the guidelines is to consider the main principles and 

concepts of integral calculus and to review some bаsic techniques for calculating 

indefinite integrals.  

In the guidelines, first, the definitions of the antiderivative and indefinite 

integral are given, and the principal theorems and properties of the indefinite 

integral are formulated. The possibilities of the application of theorems in the 

calculation and verification of integrals are discussed. 

The main methods of evaluation of integrals, such as integration by 

substitution or change of variables to find antiderivatives of complicated 

functions are given consideration. Two ways of applying the substitution rule 

are given. 

An insight is taken into integration by parts with its advantages and 

application possibilities. The technique of using this method and typical cases 

of functions requiring integration of parts are provided. 

In separate sections, the features of integration of rational, irrational and 

trigonometric functions are studied. 

The consideration of each topic is accompanied by a sufficient number 

of examples. Finally, students are offered theoretical questions and tests for 

self-assessment. 

 

1. The basic concepts of integral calculus 
 

Integral is one of the fundamental concepts of mathematics.  

Integration is the inverse process of differentiation. It means that, given 

a function )(xf , we wish to find a function )(xF  such that  

 

)()( xfxF  . (1) 

 

Definition 1. Any function )(xF  that satisfies the condition (1) is called 

an antiderivative of the function )(xf . 
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Theorem 1. If the function is continuous over an interval, then it has 

an antiderivative over this interval. 

However, while we can find the derivative of any elementary function, 

the problem of finding the antiderivative is much more complicated. 

A first observation is that the antiderivative, if it exists, is not unique. Indeed, 

suppose that the function )(xF  is an antiderivative of the function )(xf , 

so that )()( xfxF  . Then consider CxFxG  )()( , where C  is any fixed 

real number. Then it is easy to see that )()()( xfCxFxG  , so that 

)(xG  is also an antiderivative of )(xf .  

Example 1. The functions xxF sin)(1  , 5sin)(2  xxF , 

2sin)(3  xxF , as well as any function of the set }R,{sin  CСx , 

are the antiderivatives of the function xxf cos)(  , because  

xCxxxx cos)(sin)2(sin)5(sin)(sin  .  

A second observation, somewhat less obvious, is that for any given 

function )(xf , any two distinct antiderivatives of )(xf  must differ only by 

a constant. In other words, if )(xF  and )(xG  are both antiderivatives of )(xf , 

then constxGxF  )()( . It is summarized in the following statement. 

Theorem 2. If )(xF  is an antiderivative of the function )(xf  over some 

interval I , then: 

 for an arbitrary constant С  the function СxF )(  is also an anti-

derivative of )(xf  over this interval; 

 any other antiderivative )(xG  of the function )(xf  over I  is of the 

form СxFxG  )()( , where C  is a certain real number. 

Definition 2. The family }R,)({  CСxF  of all antiderivatives of the 

function )(xf  is called an indefinite integral of this function and it is denoted 

by  dxxf )( . We write  

 

                                               CxFdxxf )()( .                                       (2) 

 

The symbol  is called an integral sign, the function )(xf  is called the 

integrand, x  is the variable of integration. 
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Definition 3. The operation of finding the indefinite integral is called 

integration or integrating.  

If we have to be specific about the integration variable, we say that we 

are integrating with respect to x . 

Notice that both the integral sign  and dx  are required. We can think 

of them as a set of parentheses. The dx  that ends the integral is nothing more 

than the differential. The differential matches the variable of integration. 

(It becomes very important in using such integration techniques as substitution 

and in multivariable calculus where integrands may involve several variables.) 

As the immediate consequence of formula (1) and our knowledge of 

derivatives we can easily obtain the antiderivatives of many elementary 

functions. Let us list the corresponding formulas (Table 1). 

 

Table 1 

The table of basic integrals 

1 2 

1   Cdx0  

2   Cxdx  

3  





1
1

1

αC,
α

x
dxx

α
α

 

4 C|x|dxx
x

dx


 ln1
 

5 10
ln

  a,a,C
a

a
dxa

x
x

 

6   Cedxe xx
 

7   Cxxdx cossin  

8   Cxxdx sincos  

9   Cx
x

dx
tg

cos2
 

10   Cx
x

dx
ctg

sin 2
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Table 1 (the end) 
 

1 2 

11 0,arcsin
22

 


aC
a

x

xa

dx
 

12 0,arctg
1

22
 


aC

a

x

aax

dx
 

13 0,ln
2

1
22

 






aC

ax

ax

aax

dx
 

14 0,ln 2

2
 


aCaxx

ax

dx
 

15  


Cax
ax

dx
||ln  

16 Cxxdx  coslntg  

17 Cxxdx  sinlnctg  

18 C
x

x

dx
xdx  

2
tgln

sin
csc  

19 C
x

x

dx
xdx  







 


42
tgln

cos
sec  

 

The formulae 15 – 19 are not really basic but it is useful to have them 

at our disposal. 

Example 2. There are some examples of using the basic formulae given 

in Table 1: 

a) CxC
x

C
x

dxxdxx 



 



3
2

3
1

2

1

2

1

3

2

2

3
1

2

1
 (formula 3, 

2

1
 ); 

b) CxC
x

C
x

dxx
x

dx









 
3

3

1
1

3

2

3

2

3 2
3

3

1
1

3

2
 (formula 3, 

3

2
 ); 

c) C
x

x

dx





5
arcsin

5 2
 (formula 11, 5a ); 
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d) ln
52





x

dx
5ln 2  xx  (formula 14, 5a ). 

Don't forget "" C  at the end, it is important. 

 

2. The properties of the indefinite integral 
 

It is obvious that many characteristic properties of the indefinite integral 

can be obtained simply by referring to various rules concerning derivatives. 

These properties occur very useful in calculating and verifying the integrals of 

more complicated functions, so we list here a number of such results. 

Suppose that functions )(xf  and )(xg  have antiderivatives )(xF  and 

)(xG  respectively. Then the following statements hold. 

1. A derivative of an indefinite integral equals the integrand: 

                                                  )()( xfdxxf 


 .                                        (3) 

This property can be used to verify the correctness of integration. 

2. The indefinite integral of a derivative of a function equals the sum of 

this function and an arbitrary constant: 

CxFdxxF  )()( . 
 

The table of basic indefinite integrals is the consequence of this property and 

the derivatives of elementary functions. 

3. A differential of an indefinite integral equals an integrand expression: 
 

dxxfdxxfd )()(  . 
 

4. The indefinite integral of a differential of a function equals the sum of 

this function and an arbitrary constant: 
 

CxFdxxdF  )()( . 
 

5. The constant multiple rule. Any fixed real factor can be taken outside 

the sign of the integral: 
 

CxkFdxxfkdxxkf   )()()( ,    constk  . (4) 
 

6. The sum rule. The indefinite integral of an algebraic sum of functions 

that have antiderivatives equals an algebraic sum of the indefinite integrals of 

these functions: 
 

               CxGxFdxxgdxxfdxxgxf   )()()()())()(( .         (5) 



8 

 

This property is valid for any finite number of addends. 

Formulae (4), (5) can be easily verified by differentiation according to 

property 1 and due to derivative rules. 

7. The invariance of the integration formula. If CxFdxxf  )()(  

and )(xu   is a continuously differentiable function over some interval, 

then 

                                              CuFduuf  )()( .                                      (6) 

Indeed, due to the invariance of the form of the first differential we have  
 

duufduuFudF )()()(  , 

that implies 

CuFudFduuf   )()()( . 

The integration regarding the table and the basic rules of indefinite 

integrals is called the direct integration. 

Remember that we can always check the answer by differentiating and 

making sure we get the integrand. 

Example 3. Evaluate the integrals by direct integration and check the 

results by differentiation: 

a)  







 dx

x
x

3
21 ;            b)  








 dt

t
t t2

3
67

2

2
; 

c)  























dx

xxxx
2222 4

4

4

3

4

2

4

1
;   

d)  


















dxx

x

x

x

x 2

2

22

tg
1

2)3(
. 

Solution. 

а) 







 (5) rule sum

3
21 dx

x
x  

  (4)  rule multipleсonstant 
3

2 dx
x

xdxdx  

 
x

dx
dxxdx 32 1



 4 formula

;1 with 3 formula

2; formula

  
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CxxxCx
x

x 





ln3ln3
11

2 2
11

. 

Here and below don't forget the absolute value bars in the argument of 

the logarithm function. 

Taking into account that  

                                  ,
1

0for       )1(
1

,0for      
1

ln
x

x
x

x
x

x 


















                          (7) 

we ensure that the derivative of the indefinite integral obtained coincides with 

the integrand: 

 
x

x
x

xCxxx
3

210
1

321ln3 122 


 
. 

b) Changing the integration variable in the integral just changes the 

variable in the answer: 









 (5)  rule sum2

3
67

2

2 dt
t

t t
 

   (4) rule multipleсonstant 2
3

67
2

2 dtdt
t

dttdt t
 





 

2 with 5 formula

;2,2 with 3 formula

2; formula

2367
2

2

a

dt
t

dt
dttdt t   










C
tt

t
t

2ln

2

12
3

12
67

1212

 

C
t

tt
t


2ln

23
27 3

. 

Differentiation with respect to t  confirms the integration result: 


















 C

t
tt

t

2ln

23
27 3

 

  02ln2
2ln

1
)1(3327 1113 ttt  
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t

t
t 2

3
67

2

2  . 

c) 


















 (5) rule sum

4

4

4

3

4

2

4

1
2222

dx
xxxx

 













     2222 4

4

4

3

4

2

4 x

dx

x

dx

x

dx

x

dx
(4)  rule multipleсonstant  













    
4

)4(
4

3
4

2
4

2222 x

dx

x

dx

x

dx

x

dx
 













2  with 14 formula

;4  with 13 formula

;2  with 12 formula

;2  with 11 formula

a

а

a

a

 







 C

x

x
xx

xx

2

2
ln

22

1
44ln3

2
arctg

2

1
2

2
arcsin 2

 

C
x

x
xx

xx







2

2
ln4ln3

2
arctg

2
arcsin 2

. 

The derivatives of each term are obtained with the help of the chain 

rule 

                                    )()()( xgxgfxgf 


                                 (8) 

and formula (7): 

2222 4

1

2

1

4

2

2

1

4

4

1

2

2
1

1

2
arcsin

xxx

x

x

x












































; 












2
arctg

x
222 4

1

2

1

4

2

2

2
1

1

xx

x

x 



























 ; 

    





 4
4

1
4ln 2

2

2 xx
xx

xx  
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4

1

4

4

4

1

4
1

4

1
22

2

222 
























xx

xx

xxx

x

xx
; 






























































22 )2(

)2(2

2

2

2

2

2

2

2

2
ln

x

xx

x

x

v

uvvu

v

u

x

x

x

x

x

x
 

                        
22 4

4

4

4

)2)(2(

4

xxxx 






 . 

This yields the correctness of the calculations in this case. 

d) Sometimes evaluation can easily be reduced to direct integration by 

identity transformations: 





















 1

cos

1
tgtg

1

2)3(
2

22

2

22

x
xdxx

x

x

x

x
 























  dx

xx

x

x

xx
1

cos

1

1

11
2

96
22

22

 























  dx

xxx

x

x
xxx 1

cos

1

1

1
2

1

1
2

9
6

222

2

 


















 



dx
xx

xxx 1
cos

1

1

1
2296

22
2

1

2

1

2

3

 




  


dx
x

dx

x

dx
dxxdxxdxx 3

cos1
296

22
2

1

2

1

2

3

 








2 formula;9 formula;1  with 12 formula

;
2

1
 ,

2

1
  ,

2

3
  with 3 formula

a


 

 Cxxxx
xx

3tgarctg229
3

2
6

5

2
2

12

3

2

5

 

Cxxxxxxxx  tgarctg23184
5

2 2
. 

We suggest that you check this result yourself with the help of 

differentiation. Obviously, this will require transformations of the function 

you get. 
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It is worth to note that integration is more complicated than differentiation. 

As we have already mentioned the indefinite integral exists for any continuous, 

for example, any elementary function. Despite this, it is not always possible 

to express the antiderivative of a function by means of elementary functions. 

In particular, many integrals important for application define the special functions 

such as the Gaussian integral (Euler – Poisson integral), the error function, 

the sine and cosine integrals, elliptic integrals etc. 

For example, no elementary function exists for such integrals:  
 


 dxe x2

 – Poisson integral; 

 

 dxxdxx 22 cos,sin  – Fresnel integrals; 

 dx
x

xsin
 – Sine integral; 

 dx
x

xcos
 – Cosine integral; 

 dx
x

ex

,     


dx
x

e x

 – Exponential integral; 


x

dx

ln
 – integral Logarithm; 

 

 dxexxdxxxdxx x ,cos,sin       ,...)2,1,0(   etc. 

 

3. The substitution rule for the indefinite integral 

 

Here we discuss one of the main techniques of integration that are 

based on the chain rule (8) in differentiation. This method is called integration 

by substitution or change of variables. It allows us to find antiderivatives 

of more complicated functions. 

The substitution rule. If  xgu   is a differentiable function on an interval 

 ba,  and f  is continuous on that interval, then  

 

                                               duufdxxgxgf   .                               (9) 
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There are two ways to apply this method. We can use formula (9) from 

left to right or from right to left. However our purpose is to transform the given 

integral into another that is easier to compute. 

Notice that this technique doesn't always work. Besides, when it does, 

there may well be more than one suitable substitution.  

Consider both versions of the change of variables and discuss the features 

of the use of this version.  
 

Version 1. Substitution )(xgu  . 

Let an integral   dxx  be given and the antiderivative of the function 

 x  is unknown. Suppose the integrand can be written in the form 

     xgхgfx  )( .  

The substitution )(xgu   is made, then  dxxgdu  , and we get  
 

                   



 

dxxgdu

xgu
dxxgхgfdxx

)(

)(
)(  duuf .           (10) 

 

It makes sense if we know the antiderivative of the function  uf  that 

appears on the right-hand side of formula (10). Then the computing of the integral 

is as follows: 
 

    CхgFCuFduuf   )()( .  
 

We see that in Version 1 the new variable u  is written as a function of 

the old variable х . 

The first manner is also known as u-substitution as well. 

Remember that upon performing the substitution every х  in the integral 

(including dх ) must disappear in the substitution process. And it's important 

that when calculating the integrals by substitution it is necessary to return to 

the original variable. 

The natural question is how to identify the correct substitution. There is no 

general rule or prescription, it depends on the integral. Regarding formula (10) 

we should find a composite function  )(хgf  with a known antiderivative 

on the one hand, and the derivative  xg  of the new variable )(xgu   

on the other. So, each integral requires an individual analysis of the integrand 

to find a suitable changing of variables. 
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Example 4. Let's evaluate some integrals using the method of substitution: 
 

a)  dxxe x cossin
;                  b)   dxxx 232 . 

 

Solution. 

a) We observe the composite function 
xesin
 (with the inside function 

xsin ) and the derivative of xsin , so it's pretty clear that xsin  is a new 

variable: 





  due

xdxdxxdu

xu
dxxe ux

cos)(sin

sin
cossin

 

 

CeCe xu  sin 6 formula . 

 

b) Sometimes for using u -substitution only a constant factor is lacking. 

In our example, the first guess for the substitution is to make u  be the stuff 

under the root. But at first we need to do some manipulation, namely, to multiply 

and divide the integrand by 6 : 
 

  dxxx 232 





xdxdxxdu

xu

6)32(

32

2

2

 

 

  Cuduuduudxxx 2

3

2

1

2

3

2

6

1

6

1

6

1
326

6

1
 

 

  CxCu 
323 32

9

1

9

1
. 

 

It is useful to keep in mind the following formula of linear substitution: 
 

                CbkxF
k

dxbkxf  )(
1

)( ,       constsbk , )0( k ,       (11) 

in particular, 

CkxF
k

dxkxf  )(
1

)( ,     )0( k . 

 

Obviously, in formula (11) we have, in fact, the substitution  

.)(; dx
k

du
kdxdxbkxdubkxu   
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Example 5. Let's apply the formula of linear substitution: 
 

  
 (5) rule sum452cos dxxex x

 
 

   
 (11)on substitutilinear  of formula452cos 2

1

dxxdxexdx x

 

    Cxe
x

Cxex xx 


  3
2

3

45
15

2

2

2sin
45

3

2

5

1

1

1
2sin

2

1
. 

 

Version 2. Substitution )(ugx  . 

Let an integral   dxxf  be given and the antiderivative of the function 

 xf  is unknown. If we make substitution )(ugx  , then duugdx )( : 
 

                                 



 duugugf

duugdx

ugx
dxxf )(

)(

)(
.              (12) 

 

It makes sense if we know the antiderivative of the function    ugugf )(  

that appears on the right-hand side of formula (12). 

Notice that in Version 2 the old variable х  is written as a function of the 

new variable u . 

This version of substitution is mainly used for the transition from one 

class of functions to another. 
 

Example 6. Evaluate the integrals of the irrational function by substitution: 

a) 
 32 )1( x

dx
;                       b) dxxx 1 . 

Solution. 

a) This integral involving the root is reduced to the integral of the 

trigonometric function: 













3232 )sin1(

cos

cos)(sin

sin

)1( u

udu

ududuudx

ux

x

dx
 

 
  Cu

u

du

u

udu

u

udu
tg

coscos

cos

cos

cos
233

2

 

 

C
x

x
C

u

u
C

u

u








22 1sin1

sin

cos

sin
. 
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b) In this case we can transform the integrand to a polynomial by 

substitution: 
 

  



  uduuu

ududuudx

ux
dxxx 21

2)1(

1
1 2

2

2

 

 

CxxC
uu

duuduu  
35

35
24 )1(

3

2
)1(

5

2

3
2

5
222 . 

 

There is another way of substitution that leads to direct integration (the 

table of basic integrals), namely, 1 vx ; dvdx  . We suggest that you do 

it yourself and compare the results. 
 

Summarizing, to apply the method of substitution in the indefinite integral 

we have: 

 to choose the substitution of one of the form )(xgu   or )(ugx  ; 

 to compute  dxxgdu   or duugdx )( ;  

 to change every expression with х  in the original integral for u; 

 to use the substitution rule formula (10) or (12). 
 

At the end of this section let's make some remarks. If the substitution 

you made failed, it doesn't mean that this is a wrong method, it may well be 

an unsuitable substitution. Moreover, in case of success, another attempt 

may lead to a better change of variables. 

Notice also that there is no simple routine that we can describe to help 

find a suitable substitution, even when the technique works. So, the only way 

to learn how to substitute is to just solve lots of problems of different kinds.  

 

4. Integration by parts 
 

At first, let us recall the product rule for differentiation: 

 

vuvuuv )( , (13) 

where )(xu  and )(xu  are differentiable functions. 

Integrating (13) with respect to х  we obtain: 

  dxvudxvudxuv)( . 
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On the left-hand side we have the indefinite integral of uv  and we can 

rewrite this equation as follows: 

dxvuuvdxvu   . 

Finally, since dvdxv   and dudxu  , we get the integration by parts 

formula: 

duvuvudv   . (14) 

Formula (14) is useful when the indefinite integral duv  on the right-

hand side is much easier to calculate than the original integral udv . 

To apply the method of integration by parts to the indefinite integral 

we have: 

 to identify u  and dv; 

 to compute dxudu   and  dvv ; 

 to use formula (14) of integration by parts. 
 

Example 7. Let us integrate by parts the integral    dxex x13 . Indeed, 

choosing 13  xu  seems good, because after differentiation x  will drop 

out, and the integral of the exponential function is one of the basic formulae: 

  






 xxx

x

edxedvvdxedv

dxdxuduxu
dxex

,

3,13
13  

      CexCeexdxeex xxxxx   23313313 . 

The question is how to identify the need for integration by parts and 

then how to make a correct choice of u  and dv . 

The good news is that there are some typical cases (Table 2). Of 

course, they do not exhaust the possibility of applying this method. 
 

Table 2 

The types of functions integratable by parts 

Type Kind of integral Factor u Factor dv 

1 2 3 4 

T
h
e

 1
s
t 
ty

p
e
 dxaxP x

n )( * 

)(xPu n  

dxadv x  

dxexP x
n )(  dxedv x  

dxxxPn sin)(  xdxdv sin  

dxxxPn  cos)(  xdxdv cos  
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Table 2 (the end) 
 

1 2 3 4 

T
h
e

 2
n

d
 t

y
p

e
 

dxxxP k
an  log)(  u xk

alog  

dxxPdv n )(  

dxxxPn arcsin)(  u xarcsin  

dxxxPn arccos)(  u xarccos  

dxxxPn arctg)(  u xarctg  

dxxxPn arcctg)(  u xarcctg  

T
h
e

 3
d

 t
y
p
e
 

dxbxax
  sin  

u bxsin  

or  u xa  

dv dxax
 

 

or  dv bxdxsin  

dxbxax
 cos  

u bxcos  

or   u xa  

dv dxax
 

 

or  dv bxdxcos  

T
h
e

 4
th

 t
y
p

e
 

dxxa  22
 22 xau   

dxdv   dxxa  22  22 xau   

dxax  22  22 axu   

*  nP x 01 axaxa n
n    is a polynomial. 

 

Thus when faced with an integral, we must first realize the type of integral 

to correctly apply formula (14). 
 

Example 8. Consider the examples of integration by parts:  

a)  xdxx ln ;                    b)  xdxex 2sin . 

a) We can quickly recognize the second type of those mentioned in 

Table 2: 










2

,

1
,ln

ln 2x
xdxdvvxdxdv

dx
x

dxuduxu

xdxx  

C
x

x
x

dx
x

xx
x

 
4

ln
2

1

2

1
ln

2

22
2

2

. 

b) This one is of the third type, because 
xe  is a particular case of 

xa . 

Here, breaking up into u  and dv  is arbitrary, but integration is a little tricky. 
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We have to apply the integration-by-parts formula twice, and then express 

the given integral from the resulting equation:  






 
 

2

2cos
        2sin

                 

2sin x
vxdxdv

dxedueu

xdxeI

xx

x
 


















  xdxe

xe
dxe

xx
e x

x
xx 2cos

2

1

2

2cos

2

2cos

2

2cos
 
















  dxe
xx

e
xe

x
vxdxdv

dxedueu
xx

x
xx

2

2sin

2

2sin

2

1

2

2cos

2

2sin
    2cos

             

I
xexe

xdxexe
xe xx

xx
x

 
4

1

4

2sin

2

2cos
2sin

4

1
2sin

4

1

2

2cos
. 

 

To find the integral we solve the linear equation on this integral: 

I
xexe

I
xx

4

1

4

2sin

2

2cos
 ; 

4

2sin

2

2cos

4

1 xexe
II

xx

 ; 

4

2sin

2

2cos

4

5 xexe
I

xx

 . 

Finally, 

  xdxeI x 2sin   Cxx
ex

 2cos22sin
5

. 

 

5. Integration of polynomial fractions 
 

In this section we discuss the integration of rational expressions of 

polynomials.  

We start with so called elementary algebraic fractions. They are of four 

types, namely: 
 

1. 
ax

A


   2.  

 nbx

B


   3. 

2
.

Ax B

x px q



 
   4. 

2
,

( )n

Ax B

x px q



 
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where n  is a natural number more than one; square trinomials have no real 

roots, i.e. 2 4 0p q  .  

Let us take a look at the integrals of each type of elementary fractions. 

The indefinite integrals of fractions of the first and second types are 

easily computed by linear substitution formula (11): 

  

                                          1.  


.ln CaxAdx
ax

A
                           (15) 

                    2. 
   
  










 .
1

1
)(

1
C

bxn

B
dxbxBdx

bx

B
n

n

n
        (16) 

 

For example, 

 


Cxdx
x

3ln5
3

5
,     

   
 





C

x
dx

x
56

7

2

7

10
. 

Similarly, regarding (11) we get indefinite integrals in more general cases: 

                                  


Cbkx
k

A
dx

bkx

A
ln ;                               (17) 

                           
   
 










.
1

)1( 1
C

bkxnk

B
dx

bkx

B
nn

                      (18) 

 

3. I
2

Ax B
dx

x px q



 
  is integrated by the substitution method. 

When integrating the fraction of the third type, we have: 

 to select the full square in the denominator: 

42

22
2 p

q
p

xqpxx 







 ; 

 to enter a new variable tpx  2 : 

dt
p

qt

B
p

tA

dtdx

ptx

tpx

I 























4

2
2

2

2
2

; 
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 to integrate two terms we obtained: 

dt
p

qt

Ap
B

dt
p

qt

At








4

2

4

2
2

2
2

. 

 

Example 9. Compute the indefinite integral from the fraction of type 3. 

 






















 dt

t

t

dtdx

tx

tx

dx
x

x
dx

xx

x

4

1)2(3
2

2

42

13

84

13
222

 







  C
t

t
t

dt
dt

t

t

2
arctg

2

5
)4ln(

2

3

4
5

4
3 2

22
 

C
x

xx 



2

2
arctg

2

5
)84ln(

2

3 2
. 

 

The considered approach can be applied to some integrals involving 

quadratic expressions (a square trinomial), namely: 

1) 



dx

qpxx

BAx
2

 – an indefinite integral in which the square trinomial 

has a positive discriminant )( 042  qp ; 

2) 



dx

cbxax

BAx
2

 – an indefinite integral involving the square trinomial 

with the leading coefficient; 

3) 



dx

cbxax

BAx

2
 – an indefinite integral with a square root of a general 

quadratic expression in the denominator.  

 

4. dx
qpxx

BAx
I

nn 





)( 2
 is reduced to an integral of type 3.  

Integration of a type 4 fraction is generally very cumbersome: by means 

of multiple integration by parts it is reduced to an integral of a fraction of 

type 3. 
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A recurrent formula for 



nn

ax

dx
I

)( 22
 has the form: 

 

                                 nnn I
na

n

ax

x

an
I

22221
2

12

2

1

)(





 .                       (19) 

 

Since we know C
a

x
g

aax

dx
I 


  arct

1
221 , then we can find the integral nI  

for any n . 

 

Now consider a rational expression in the form: 

 

 
01

1
1

01
1

1

...

...

)(

)(

bxbxbxb

axaxaxa

xQ

xP
xR

m
m

m
m

n
n

n
n

m

n










 , (20) 

 

where  nP x , and  xQm  are polynomials of degrees  0Nn  and 

Nm  respectively. 

 

Definition 4. The rational fraction (20) is called proper if the degree of 

the numerator  nP x  is less than the degree of the denominator  xQm , that 

is mn  ; otherwise, if mn  , the fraction is called improper. 
 

To integrate the polynomial fraction (20) we must first perform partial 

fraction decomposition (partial fraction expansion), that is express the 

fraction as a sum of a polynomial (possibly zero) and one or several fractions 

with a simpler denominator. 

An improper fraction can always be presented as the sum of a polynomial 

)(xT mn  and fractions: 

 

             
 
 

 
 

 xQ

xP
xT

xQ

xP
xR

m

n
mn

m

n 1  , (21) 

 

wherе  xT mn  and  xPn1
 are polynomials, 10 1  mn . 
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Example 10. Let us present the polynomial fraction  

2

12
)(

2

3






xx

x
xR  

in the form (21). 

We have: 

 

 

 

 

 

 

 

 

Then 

2

32
22

2

12
)(

22

3











xx

x
x

xx

x
xR . 

 

Theorem 3. Every proper rational fraction can be decomposed into 

a sum of elementary fractions. 

Remember that partial fractions can only be decomposed if the degree of 

the numerator is strictly less than the degree of the denominator.  

To decompose a proper rational fraction )(xR )(
)(

)(
mn

xQ

xP

m

n   into 

a sum of elementary fractions we have: 

 to factorize the denominator )(xQm  (present it as a product of 

linear factors )( bx   and quadratic factors 
2( )x cx d   with negative 

discriminators); 

 to assign the simplest rational algebraic fraction or amount to each 

factor of the denominator (Table 3); 

 to write )(xR  as a sum of all elementary fractions with unknown 

numerators (we assign variables, usually capital letters, to these unknown 

values); 

 to determine the coefficients of partial fraction expansion. 

22

2

32

422

142

422

12
2

2

2

23

3















x

xx

x

xx

xx

xxx

x

 

 

. 
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Table 3 

The correspondence between the factors of the denominator 

and elementary fractions 
 

No. 
The factor  

in the denominator 
The term in the partial fraction decomposition 

1 ax   
ax

A


 

2 lbx )(   l

l

bx

B

bx

B

bx

B

)(
...
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To find the expansion coefficients we can use the method of indefinite 

coefficients according to which the finding of the expansion coefficients is 

reduced to the solution of the system of linear equations. The method is 

based on the following properties: 

а) the equality is not broken if both of its parts are multiplied by the 

same expression; 

b) equal polynomials have equal coefficients of corresponding powers 

of the independent variable. 
 

Example 11. Consider examples of the integration of rational algebraic 

fractions: a) 
 123

2

xxx

dxx
;         b) 

 



2

13xx

dx
. 

Solution. 

a) 



dx

xxx

хx

1

23
23

2

. 

Since the second degree of the polynomial in the numerator is smaller 

than the third degree of the denominator, we have a proper rational fraction.  

The first thing is to factorize the denominator: 

  111 223  xxxxx . 

So, 
  11

23

1

23
2

2

23

2










xx

хx

xxx

хx
. 
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Now we get the form of the partial fraction decomposition: 

      1111

23
22

2













x

CBx

x

A

xx

хx
. 

 

We multiply both parts of the equality by the denominator and thus get 

the equation: 

    1123 22  xCBxxAхx ; 

    CABCxBAxxx  22 23 . 

Let's find the expansion coefficients A , B , C . It's useful to begin with 

the substitution of the root 1x  of the denominator:  

  111213  AA . 

Then we solve the linear system: 

,2:

,1:

,3:

0

2

CAx

ВCx

BAx







 

 2133  AB ;      211  BC . 

So, 

      1
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1
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23
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
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
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1
3

1

1

11

3

1

2

1 22

2

22 x

dx

x

xd

x

dx

x

dx

x

xdx

x

dx

Cxxx  arctg31ln21ln 2
. 

 

b) 
 




2
3xx

dx
. 

This time the denominator is already factorized, so let's proceed to the 

partial fraction decomposition:  

   22
333

1







 x

C

x

B

x

A

xx
. 
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Multiplying by the denominator we get:  

    CxxBxxA  331
2

; 

    ACBAxBAx 9361 2  . 

 

At first we substitute the roots 3,0 21  xx  3,0 21  xx  of the denominator:  

01 x      
9

1
91  AA ; 

32 x      
3

1
31  CC . 

Then 

Ax

CВAx

ABBAx

91:

,360:

,
9

1
0:

0

2







 

and the result of decomposition is as follows: 

   22
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3

1

3
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1


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 xxxxx
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
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1
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1

9

1
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dx

x
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x
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C
x

xx 



)3(3

1
3ln

9

1
ln

9

1
. 

 

6. Integration of trigonometric functions 

 

We begin with the technique that allows us to reduce the integration of 

trigonometric functions to the integration of rational algebraic fractions. In this 

context we consider several types of integrals. 

Denote  )(),( xvxuR  a rational function of its arguments. 
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Integrals of the type  dxxxR )cos,(sin  can always be computed 

using the substitution 
2

tg
x

t  . Then 

t
x

arctg
2
      tx arctg2      

21

2

t

dt
dx


 , 

and 

 

  22 1

2

2tg1

2tg2
sin

t

t

x

x
x





 ,   

 
  2

2

2

2

1

1

2tg1

2tg1
cos

t

t

x

x
x









 . 

Since the functions  

                      
21

2
sin

t

t
x


 ,   

2

2

1

1
cos

t

t
x




    and   

21

2

t

dt
dx


                  (22) 

are rational functions of the variable x , the given integral turns into the 

integral of a polynomial fraction with respect to the variable t  (the results of 

arithmetic operations over the fractions are fractions): 

   dttr
t

dt

t

t

t

t
RdxxxRI  






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










22

2

2 1

2

1

1
,

1

2
cos,sin . 

  

Example 12. Let's evaluate the integral 
 x

dx

cos23
. 

By substitution 
2

tg
x

t   and using formula (22) we obtain: 


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
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5

15

2

t
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  55
5

2

5

1
 with 11 formula tarctga C

x










2
tg5arctg

5

2
. 
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The integration of )cos,(sin xxR  by the substitution 
2

tg
x

t   is sure 

to give the desired result, but it is because of its generality that this method 

may not be the best from the point of view of brevity and simplicity of the 

transformation involved. 

There are some recommendations that are useful for special cases of 

the integrand.  

1. If )cos,(sin xxR  is an odd function with respect to xsin , i.e.  

)cos,(sin)cos,sin( xxRxxR  , 

we use the substitution xt cos . 

2. If )cos,(sin xxR  is an odd function with respect to xcos , i.e.  

)cos,(sin)cos,(sin xxRxxR  , 

we use the substitution xt sin . 

3. If )cos,(sin xxR  is an even function with respect to both arguments, i.e.  

)cos,(sin)cos,sin( xxRxxR  , 

we use the substitution xt tg  and the formulae  

2

2

2

2
2

1tg1

tg
sin

t

t

x

x
x





 ,   

22

2

1

1

tg1

1
cos

tx
x





  

or the substitution xt ctg  and the formulae 

22

2

1

1

tgc1

1
sin

tx
x





 ,   

2

2

2

2
2

1tgc1

tgc
cos

t

t

x

x
x





 . 

4. Integrals of the type  xdxxR cos)(sin  are integrated using the 

substitution xt sin . 

5. Integrals of the type  xdxxR sin)(cos  are integrated using the 

substitution xt cos . 

6. Integrals of the type  dxxR )tg(  are integrated using the substitution 

xt tg . 

 

Now consider a few special cases widely used in practice. 

The integral of the form 
 

,cossin  dxxxI nm
 m Z , n Z , except 0 nm  
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is a special case of 1−3, so: 

 if m  is odd, we put xt cos ; 

 if n  is odd, we put xt sin ; 

 if m  and n  are even, we put xt tg  or xt сtg . 

 

In the third case, instead of the proposed substitutions, formulae for 

decreasing powers are often used (trigonometric functions): 

2

2cos1
sin 2 x

x


 ,  
2

2cos1
cos2 x

x


 , 

2

2sin
cossin

x
xx  . 

 

Example 13. Let us find  dx
x

x
2

5

sin

cos
. 

We have 5,2  nm . Since the integrand contains an odd degree of 

xcos , we perform substitution xt sin , write x5cos  as xxt 4coscos  and 

apply the identity 1cossin 22  xx : 

 dx
x

x
2

5

sin

cos







222 1sin1cos

cos,sin

txx

dxxdtxt
 







  td
t

tt
td

t

t
dx

x

xx
2

42

2

22

2

4 21)1(

sin

coscos
 

.sinsin2
sin

1

3
2

1
)2( 2

31
22 Cxx

x
C

t
t

t
dttt 










  

 

Now consider the integrals of the product of the first degrees of sines 

and cosines with different arguments: 
 

  dxnxmx cossin ,     dxnxmx coscos ,     dxnxmx sinsin , 

 

where m  and n   are real numbers. 

Calculation of these indefinite integrals is reduced to direct integration 

through the use of trigonometric formulae: 

 )cos()(cos
2

1
sinsin   , 
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 )cos()(cos
2

1
coscos   , 

 )sin()(sin
2

1
cossin   . 

 

Example 14. Let us find the integral   dxxx 7cos3sin . 

Using the formula above we get: 

    dxxxxxdxxx )4sin(10sin
2

1
7,37cos3sin   





formulaon substitutilinear 

4sin)4sin( xx
 

  .10cos
20

1
4cos

8

1
4sin10sin

2

1
Cxxdxxdxx     

 

At last, consider the integrals of natural degrees of the tangent and 

cotangent: 
 

 dxxntg ,   xdxnctg ,   where  2 Nn . 

 

In this case we use the substitutions xt tg  and xt сtg  respectively. 

Thus we have: 

dttrdt
t

t

dt
t

dx

txxt

dxx
n

n
 









 )(
1

1

1

arctg,tg

tg
2

2

; 

dttrdt
t

t

dt
t

dx

txxt

dxx
n

n
 









 )(
1

1

1

arcctg,ctg

ctg
2

2

. 

 

Example 15. Let's find the integral dxx
6сtg . 

Let xt сtg , then: 

 





















  dt
t

ttdt
t

t

t

dt
dx

txxt

dxx
1

1
1

1
1

arcctg,ctg

ctg
2

24

2

6

2

6
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Cxx
xx

Ctt
tt






























 ctg

3

ctg

5

ctg
arcctg

35

3535

. 

 

 

7. Integration of some irrational functions 
 

In this section we consider the integration techniques that can be useful 

for some types of integrals with irrational terms in them, i. e. involving roots.  

1. Integrals of the type 

dx
dcx

bax

dcx

bax
xR s

s

n

m

n

m










































...,,, 1

1

,      im Z , in Z  

(where R  is a rational function of its arguments) can be reduced to the 

integrals of rational fractions using the substitution  

kax b
t

cx d





, 

where k  is the least common denominator of the fractions si
n

m

i

i ,1,  . 

In particular, to simplify the integrals of the form 

dxbaxbaxxR s

s

n

m

n

m


















 )(...,,)(, 1

1

 

we use the substitution  
ktbax  . 

Example 16. Let's find the indefinite integral 
 12)12(3 2 xx

dx
. 

In this case 
2

1
,

3

2

2

2

1

1 
n

m

n

m
, then 6k  and we apply the substitution 

612 tx  : 





12)12(3 2 xx

dx








dttdx

dttdx

xttx

5

5

66

3

62

12,12
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









  dt

t

t

t

dtt

tt

dtt

1

11
3

1
33

)( 22

34

5

 


























 

6
2

121ln
2

3
1

1
13 xtCtt

t
dt

t
t  

  .112ln2122123 663 Cxxx   

 

2. Integrals of the types 

1)   2 2,R x a x dx , 

2)   2 2, ,R x a x dx  

3)   2 2, .R x x a dx  

can be reduced to the integrals of rational fractions using the following 

trigonometric substitutions respectively:  

1) tax sin    or   tax cos , 

2) tax tg      or   tax ctg , 

3) 
t

a
x

sin
     or   

t

a
x

cos
 . 

 

Example 17. Compute the indefinite integral 
 92xx

dx
. 

The integrand contains the quadratic term 
2222 3 xax  under the 

square root. So, we put tx tg3 : 

 





92xx

dx






t
t x 

dt
t

dxtx

cos

3
tg139

cos

3
,tg3

22

2

 dt
t

t

t 2cos

3

3

cos

tg3

1
 

 

.
2

)3(arctg
tgln

3

1

3
arctg

2
tgln

3

1

sin

1

3

1
C

xx
tC

t
dt

t
   
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To simplify the resulting expression let's use the trigonometric 

relationships: 

21 cos 1
tg ctg 1 ctg ctg

2 sin sin

t t
t t t

t t


        

3
tg , ctg

3

x
t t

x
   

2

2

9 3 9 3
1

x

x xx

 
   . 

Finally we get  .
39

ln
3

1

9

2

2
C

x

x

xx

dx






  

 

Theoretical questions for self-assessment 
 

1. What is called an antiderivative, an integrand expression, an integration 

variable? Give examples.  

2. Give a definition of an indefinite integral.  

3. Formulate the basic properties of the indefinite integral.  

4. Write down the table of basic indefinite integrals.  

5. Which operation is more difficult: differentiation or integration? Justify 

your answer.  

6. What are the main methods of integration you know?  

7. What is the method of direct integration?  

8. What is the difference between the change of a variable and substitution 

in the indefinite integral? Give examples.  

9. Give the formula of integration by parts.  

10. When is integration by parts applied?  

11. Give examples of integrals that "are not taken".  

12. What functions are called rational? Give examples.  

13. What rational fraction is called proper (improper)?  

14. What integrals are called proper and improper? Give examples.  

15. Give a general scheme of integration of rational functions.  

16. What types of irrational and transcendental functions can you 

integrate?  

17. What is universal trigonometric substitution? When and for what 

purpose is it used? 

18. Describe the essence of the method of indeterminate coefficients.  
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Test for self-assessment 
 

1. When is )(xF  the antiderivative of )(xf ? 

а) )()( xFxf  ;                        b) )()( xfxF  ;   

с) CxFxf  )()( ;                  d) )()( xfxF  . 

 

2. Choose the wrong properties of the indefinite integral: 

а) ( ) ( )dF x F x C  ;            b)  ( ) ( )d f x dx f x C  ;   

с) ( ) ( )f x dx f x C   ;           d) ( ) ( ) ( ) ( )f x g x dx f x dx g x dx    .
 

 

3. The integration-by-parts formula has the form: 

а) udv uv vdx   ;     b) udv uv vdu   ;    

с) udv uv vdu   ;     d) udv uv du   .  

 

4. Choose the integrals that can't be found by direct integration: 

а)  dxx23 ;        b)  xdxx cos2
;         с) 3cos xdx ;          d)   dxx)3( . 

 

5. Choose the integrals that can be found by direct integration: 

а)  dxx x2 ;      b)    dxx  ;          с)    dxx x2 ;          d)  dxx x2

2 . 

 

6. Choose the integrals that can be calculated by substitution:  

а)  xdxarccos ;   b)   dxx)34cos( ;     с)  xdxx ln ;         d) 
x

xdxln
. 

 

7. Which of the following integrals can't be found by substitution: 

а)  xdxarctg ;      b)  xdxe x cossin
;     с) 

 dxe x 53
;         d) 

 21

arctg

x

xdx
? 

 

8. For which of the following integrals do we use integration by parts: 

а)   dxx )3( 4
;     b) 

 dxe x 12
;         с)  xdxx 2log ;         d)  dx ? 

 

9. Choose the integrals that can be calculated by parts: 

а)  xdxarcsin ;     b) 
 xx

dx
3

;     с) 
 523 2

6

xx

dxx
;        d)  12x . 
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10. Which of the following integrals can't be expressed by elementary 

functions: 

а)  xdxx sin2
;      b)  dxxx 2sin ;      с)  dxx2sin ;      d)  xdx2sin ? 

 

11. Choose the integrals that can't be expressed by elementary functions: 

а) 
 dxe x2

;         b) 
 dxe x

;                с)  dxxex
;           d)  dx

x

ex

. 

 

12. The antiderivative of xxf sin)(   is: 

а) sin x C ;        b) sin x C  ;         с) cos x C ;       d) cos x C  .  
 

13. What is 
2 4

dx

x 
 : 

а) 
1 2

ln
4 2

x
C

x





;           b) 

1

2 2

x
arctg C ;          

с) arcsin
2

x
C ;              d) 

2ln 4x x C   ?  

 

14. Calculate 3cos xdx : 
 

а) 3sin x C ;     b) 
1

sin
3

x ;        с) 3sin x C  ;      d) 
1

3
x C  . 

 

15. Find 
23x dx :  

а) 
2x C ;          b) 

3x C ;         с) 
31

3
x C ;            d) 6x C .  

 

16. What is 
2sec xdx :  

а) 
31

sec
3

x C ;   b) tgx C ;      с) 
2tg x C ;       d) 

22sec xtgx C ?  

 

17. Compute the indefinite integral   2 33 2 1x x dx : 

а)  3 2 1x x C  ;           b)  3 3 1x x C  ;            
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с)  3 32 1x x C  ;             d) 
3 41

1
2

x x C
 

  
 

.  

18. Use integration by substitution to calculate 

2

3 1

x
dx

x

 
   
 :  

а) 
3ln | 1|x C  ;           b) 

31
2

ln | 1|x C  ;          

с) 
31

3
ln | 1|x C  ;              d) 

3

4

4

3 12

x
C

x



.  

19. Compute 
45sin cosx xdx :  

а) 
5cos sinx x C ;           b) 

51
sin

5
x C ;          

с) 
5sin cosx x C ;              d) 

5sin x C .  
 

20. Use integration by substitution to find 
22sec xtgxdx :  

а) 
2tg x C ;            b) 2sec x C ;         

с) sec xtgx C ;              d) 
2sec xtg x C .  

 

21. Use integration by parts to calculate sinx xdx :  

а) cos sinx x x C   ;          b) cos sinx x x C   ;          

с) cosx x C  ;              d) sin cosx x x C   .  
 

22. What is lnx xdx :  

а) 

2

ln
2

x
x C ;            b) 

2

ln
2 2

x x
x C  ;          

с) 

2 2

ln
2 4

x x
x C  ;              d) 

2 2

ln
2 4

x x
x C  ?  

 

23. Compute the indefinite integral  2 xx e dx :  

а) 
11

1

xx
e C

x





;           b) 

xxe C ;          

с)  1 xx e C  ;              d)  2 xx e C  . 
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Individual tasks 
 

Task 1. Find the integrals by substitution. 

Table 4 

1 2 3 

1 а) 
 9)5( 2x

dx
 b) 

1

2

x

x

e

dxe
 

2 а)   dxx 56  b) 

 


 xx

dx

arcsin1 2
 

3 а)    dxx 37sin  b) 
 42 x

xdx
 

4 а) 
 )87(cos2 x

dx
 b)   dxee xx

 
11

5  

5 а) 
 dxx 323  b) 


dx

x

x

3 2cos1

2sin
 

6 а)    dxx 35cos  b) 
 21

arcsin

x

xdx
 

7 а) 
 254 2x

dx
 b)    dxxx 13 43

 

8 а)   dx
x

3

3
4  b) 

 xx

dx

2ln4
 

9 а) 
 10)85( x

dx
  b) 

 54 2x

xdx
 

10 а)    dxx7cos  b) 
 8

3

9 x

dxx
 

11 а) 
 


13sin2 x

dx
 b)  

 4

3

2 x

dxx
 

12 а) 
18x

dx
 b)   dxxx 212

7

   

13 а)   dxx4 52   b) 
 xarctgx

dx
32)1(

 

14 а) 
 3)15( x

dx
  b) 

 dxex x 14 5
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Table 4 (the end) 

1 2 3 

15 а)    dxx 14sin   b) 
 10

4

3 x

dxx
 

16 а) 
4 32x

dx
 b)  dxxx 54 cos  

17 а) 
 


 12
2

x

dx
  b)  dx

x

x
42

3

cos
 

18 а)    dxx
8

73   b) 

 



42 32x

xdx
 

19 а)   dxx3 53   b) 
 21

arctg

x

xdx
 

20 а) 
 7)12( x

dx
 b)  dxxex2

 

21 а) 
 4)23( 2x

dx
 b)  dx

e
e

x
x




3

3

1
 

22 а)   dx
x

5

4
1   b) 


dx

xx

x

ln

3ln3

 

23 а) 
 4)2( 2x

dx
  b)  dx

x

x

3 2 2cos

2sin
 

24 а)   dx
x

7
3

2
 b) 

 21

arccos

x

xdx
 

25 а) 
 291 x

dx
 b)   dxxx

3 32 92  

26 а)   dx
x

4
11   b) dx

e

e

x

x




4
1

 

27 а) 
 425 2x

dx
 b)   dxxx 251  

28 а)   dxx2  b)  
 xdxe x254

 

29 а) 
 dxe x23

 b) 
 76

2

x

dxx
 

30 а) 
 7)15( 2x

dx
 b) 

 x

xdx

cos25

sin
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Task 2. Integrate by parts. 

Table 5 

1  xdxx sin2
  16  xdx4arccos   

2  xdxxarctg  17  xdxx cos3   

3   dxxx )1ln(   18 
 dxxe x

 

4  xdxx cos2
 19   xdxx 4ln)32(   

5  xdxe x sin2
 20   dxх 162

 

6   xdxx cos)3(  21   xdxx ln)2(  

7  dxex x2
 22  xdxex 2cos  

8   dxх225  23   dxx
2

ln  

9  dxx)cos(ln  24 
a) xdxe

x

cos2  

10 


dx
x

x

1

arcsin
 25 a)  dx

x
x

1
arcsin  

11   dxх29  26 a)  xdxx ln4
 

12   dxex x4)1(  27 a)  dxx)sin(ln  

13 
x

xdx
2cos

 28 a)    dxx 13ln  

14   dxх 52
  29 a) 


dx

x

x

1

arcsin
 

15   xdxx sin)4(   30  xdxх cos2  

 

Task 3. Find the integrals of the rational fraction. 

Table 6 

1 2 3 

1 а) 



dx

xx

x

172

1
2

3

 b) 
  




dx

xx

x

41

10
2

 

2 а) 



dx

xx

x

3712

3
2

3

 b) 
  




dx

xx

x

12

13
2
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Table 6 (continuation) 

1 2 3 

3 а); 


dx
xx

x

29102

2

 b) 
  




dx

xx

x

51

9
2

 

4 а) 



dx

xx

x

3410

54
2

2

 b) 
  




dx

xx

x

72

4
2

 

5 а) 



dx

xx

x

208

3
2

2

 b) 
  




dx

xx

x

123

1
2

 

6 а) 


dx
xx

x

1342

3

 b) 
  




dx

xx

х

43

7
2

 

7 а) 



dx

xx

x

22

6
2

2

 b) 
  




dx

xx

x

51

56
2

 

8 а) 


dx
xx

x

1782

3

 b) 
  




dx

xx

x

843

5
2

 

9 а) 



dx

xx

x

102

3
2

2

 b) 
  




dx

xx

x

22

14
2

 

10 а) 


dx
xx

x

1062

3

 b) 
  




dx

xx

x

64

19
2

 

11 а) 



dx

xx

x

84

2
2

3

 b) 
  




dx

xx

x

21

8
2

 

12 а) 



dx

xx

xx

842

2

 b) 
  




dx

xx

x

35

2
2

 

13 а) 



dx

xx

x

136

3
2

2

 b) 
  




dx

xx

x

92

65
2

 

14 а) 



dx

xx

x

2610

1
2

3

 b) 
  




dx

xx

x

35

1
2

 

15 а) 



dx

xx

x

136

2
2

3

 b) 
  




dx

xx

x

92

1
2

 

16 а) 


dx
xx

x

1062

2

 b) 
  


dx

xx 61

4
2
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Table 6 (the end) 

1 2 3 

17 а) 


dx
xx

x

40122

4

 b) 
  




dx

xx

x

111

5
2

 

18 а) 



dx

xx

x

54

17
2

3

 b) 
  




dx

xx

x

32

17
2

 

19 а) 



dx

xx

x

102

5
2

3

 b) 
  




dx

xx

x

22

73
2

 

20 а) 



dx

xx

xx

1342

2

 b) 
  




dx

xx

x

43

12
2

 

21 а) 


dx
xx

x

542

2

 b) 
  




dx

xx

x

32

2
2

 

22 а) 



dx

xx

x

22

1
2

3

 b) 
  


dx

xx 51

1
2

 

23 а) 



dx

xx

x

4012

10
2

2

 b) 
  




dx

xx

x

91

3
2

 

24 а) 



dx

xx

x

3410

9
2

3

 b) 
  




dx

xx

x

77

2
2

 

25 а) 


dx
xx

x

37122

3

 b) 
  




dx

xx

x

112

82
2

 

26 а) 



dx

xx

x

2910

7
2

3

 b) 
  




dx

xx

x

56

29
2

 

27 а) 


dx
xx

x

1722

3

 b) 
  




dx

xx

x

41

52
2

 

28 а) 



dx

xx

x

2610

12
2

2

 b) 
  




dx

xx

x

353

28
2

 

29 а) 



dx

xx

x

208

24
2

2

 b) 
  




dx

xx

x

123

7
2

 

30 а) 



dx

xx

x

178

32
2

3

 b) 
  




dx

xx

x

84

25
2
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Task 4. Find the integrals of the trigonometric function. 

Table 7 

1 2 3 

1 а)  xdxxcossin3
 b) 

 x

xdx

sin32

cos
 

2 а)  xdx4sin  b) 
 x

dx
2cos43

 

3 а)  xdxx 6coscos  b) 
 x

xdx

cos43

cos
 

4 а)  xdx2ctg  b) 
 x

dx
2cos52

 

5 а)  dx
x

x
3

5

cos

sin
 b) 

 x

dx

cos83
 

6 а)  xdxx 43 cossin  b) 
 x

dx
2cos6

 

7 а)  xdx4sin  b) 
 x

xdx

sin71

sin
 

8 а)  xdxxsin8sin  b) 
 x

dx
2sin43

 

9 а)  xdx3ctg  b) 
 x

dx

cos53
 

10 а)  dx
x

x

3 2cos

sin
 b) 

 x

dx
2cos31

 

11 а)  xdxx 3cossin  b) 
 x

xdx

sin2

sin
 

12 а)  dx
x

x
2

3

cos

sin
 b) 

 x

dx

cos23
 

13 а)  xdxx 32 cossin  b) 
 x

dx
2cos2

 

14 а)  xdx3sin  b) 
 x

xdx

sin52

sin
 

15 а)  xdxx 3sin7sin  b) 
 x

dx
2sin3
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Table 7 (the end) 

1 2 3 

16 а)  xdx3tg  b) 
 x

dx

cos43
 

17 а)  dx
x

x

3sin

cos
 b) 

 x

dx
2cos32

 

18 а)  xdxx 34 cossin  b) 
 x

dx

cos21
 

19 а)  xdx2tg  b) 
 x

dx
2cos2

 

20 а)  xdxx 3cossin  b) 
 x

dx

cos3
 

21 а)  xdx2cos  b) 
 x

dx
2sin2

 

22 а)  xdx4tg  b) 
 x

dx
2cos82

 

23 а)  xdxx 3cos2sin  b) 
 x

xdx

sin72

sin
 

24 а)  хdxx 72 cossin  b) 
 x

dx
2cos9

 

25 а)  dx
x

x
2

5

cos

sin
 b) 

 x

dx

cos25
 

26 а)  xdx5sin  b) 
 x

xdx

sin92

sin
 

27 а)  xdxx 6sin8sin  b) 
 x

dx
2sin3

 

28 а)  xdx4ctg  b); 
 x

dx

cos93
 

29 а)  dx
x

x

7 6sin

cos
 b) 

 x

dx
2cos92

 

30 а)  xdx4cos  b) 
 x

dx
2sin52
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Task 5. Find the integrals involving roots. 

Table 8 

1 2 3 

1 а) 



dx

x

x

112

312
3

3

 b)   dxx 362
 

2 а) 



dx

x

x

141

214
 b)   dxxx 2522

 

3 а) 



dx

x

x

423

123
3

 b)   dxx236  

4 а) 



dx

x

x
4 151

315
 b)   dxx 42

 

5 а) 



dx

x

x

117

217
3

3

 b) 


dx
x

x 92

 

6 а) 



dx

x

x

43

74
 b)   dxx 252

 

7 а) 



dx

x

x

48

38
3

 b)   dxxx 22 36  

8 а) 



dx

x

x
4 192

219
 b)   dxx29  

9 а) 



dx

x

x

254

854
3

3

 b)   dxx 162
 

10 а) 



dx

x

x

215

321
 b)   dxxx 22 16  

11 а) 



dx

x

x

76

56
3

 b)   dxx 1212
 

12 а) 



dx

x

x
4 98

49
 b)   dxx 162

 

13 а) 



dx

x

x

352

521
3

3

 b) 


dx
x

x 12

 

14 а) 



dx

x

x

521

121
 b)   dxx24  

15 а) 



dx

x

x
3 731

273
 b)   dxxx 22 9  
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Table 8 (the end) 

1 2 3 

16 а) 



dx

x

x
4 189

118
 b) 


dx

x

x
2

29
 

17 а) 



dx

x

x

861

161
 b) 


dx

x

x 162

 

18 а) 



dx

x

x
3 724

272
 b)   dxx 12

 

19 а) 



dx

x

x
4 273

127
 b) 


dx

x

x 42

 

20 а) 



dx

x

x

534

34
 b)   dxx216  

21 а) 



dx

x

x

69

58
 b)   dxxx 22 1  

22 а) 



dx

x

x
3 71

27
; b) 


dx

x

x
2

21
 

23 а) 



dx

x

x
4 23

62
 b) 


dx

x

x 42

 

24 а) 



dx

x

x

106

6
 b)   dxx 92

 

25 а) 



dx

x

x

413

913
3

3

 b) 


dx
x

x 92

 

26 а) 



dx

x

x

174

217
 b)   dxx225  

27 а) 



dx

x

x

42

12
3

 b)   dxxx 22 4  

28 а) 



dx

x

x
4 14

31
 b) 


dx

x

x
2

29
 

29 а) 



dx

x

x
33

8
 b) 


dx

x

x 162

 

30 а) 



dx

x

x

56

6
4

 b)   dxx 42
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