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USING FUZZY COMPUTING FOR MAKING DECISIONS
ON THE FORMATION OF AN INVESTMENT PORTFOLIO

Y/IK 330.322.54 JEL Classification: C02;
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O. Dorokhov
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The diversification of the investment portfolio may be regarded as one of the ways to
manage investment risk. One of the solutions to this problem is the approach of Markowitz.
However, it uses a number of assumptions which are poorly consistent with the realities of
investment processes. Thus, the requirement of statistical homogeneity cannot be achieved in real
conditions. The use of to the subjective probabilities almost does not improve the situation.

It is assumed that there are some projects (investment projects, food programs, securities)
from which an investment portfolio is to be formed and investments in these projects should be
appropriately distributed. The information about the projects is vague and its possible refinement is
associated with unacceptable time and material costs. Besides, the necessary level of certainty is
not guaranteed. The resulting estimates are expert ones and they do not always have a
guantitative representation, often being approximate.

A mathematical substantiation, an algorithm and practical implementation of the solution to
the problem are given, this problem being regarded as a fuzzy analogue of a statistical game. This
problem is formulated in a fuzzy statement and several ways to solve it are presented.

An algorithm and computational and analytical methods of making a rational decision on the
formation of the investment portfolio have been described. These methods are free from defects of
other known approaches, making it possible to take into account the multiplicity of identical
estimates of yield components of the investment portfolio which ultimately enhances the validity of
the distribution of investment resources.

The presented approach has been successfully applied to practice in the assessment of the
options and management and economic decision-making in the economic analysis and portfolio
management in a number of commercial banks.

Keywords: investment portfolio formation, fuzzy modeling, investment decision-making.
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[uBepcudikauia iHBeCTULIMHOrO nopTdensa MOXe posrnagatucsa 9K OAWH i3
cnocobiB ynpaBniHHS iHBECTULINHUMKN pramkamn. OOHUM i3 BapiaHTiB BUPILLEHHST LbOro 3aBAaHHA
€ nigxia Mapkogiua. OgHak BiH BUMKOPUCTOBYE pPA4 NPUMyLLEHb, HEQOCTaTHLO Y3ropKyBaHUX i3
peanisMn iHBECTULINHUX npoueciB. Tak, ymMOBa CTaTUCTUYHOI OAHOPIAHOCTI He Moxe OyTu
3abesneveHa
B peanbHUX yMOBax. 3BEPHEHHs A0 CyO'eKTUBHMX iMOBIPHOCTEN TaKOX MPaAKTUYHO He noninwye
cuTyadito.

lMepepbadeHo, WO iCHye [Oesika KifnbKiCTb MpOEKTiB (iHBECTULiMHI MPOEKTM, NPOLYKTOBI
nporpamu, LiHHI nanepu), i3 akMx HeobxigHo nobyayBaTh iHBECTULIMHUIA NOPTAEnb i po3noainuTm
BiAMNOBIAHMM YMHOM BKNaZEeHHSA B Ui NpoekTu. BigomMocTi npo npoekTn marTb po3nnmMBYacTui
XapakTep i MOXIMBOCTI X YTOYHEHHSA MOB'A3aHi 3 HEMNPUAHATHUMW TUMYACOBUMU M MaTepianbHUMM
BMTpaTaMu, TakoX He rapaHTOBaHO OOCArHEHHS HeOoOXiAHOro piBHS BU3HA4YeHOCTi. 3400yTi OUiHKM
€ eKCNnepTHMMW, He 3aBXAWM MatoTb KiNIbKICHUI BUpa3 i 4acTo € NpubnmsHumu.

HaBegeHo MatemaTtuuHe OOrpyHTyBaHHS, anropuTM i MNpakTU4Ha peanizauid BUpILLEHHSA
NOCTaBMIEHOrO 3aBAaHHSA, KOTpe PO3rnsaalTb K HEYITKUI aHanor CTaTUCTMYHOT rpu. Lle 3aBaaHHs
chopmynboBaHO B HEYiTKi hOpMi 1 HaaHO Kinbka crnocobiB NOro BUPILLEHHS.

3anponoHOBaHO anropuTM i po3paxyHKOBO-aHaniTMYHy METOAMKY YXBareHHs pauioHanbHUX
pilweHb wWoao d¢opMyBaHHA IHBECTULINHOMO nopTdens, BiflbHY B4 HeOONIKIB iHWWX BigOMMX
nigxoais, WO AA€ MOXIIMBICTb ypaxyBaTh KPaTHICTb OAHAKOBMX OLIHOK NPUOYTKOBOCTI KOMMOHEHT
iHBeCcTUUinHOro noptdens. Y KiHUeBOMY NiACYMKYy Ue A03BONSE NiABULLMTM OBrpyHTOBAHICTb
pO3MoAiNny iHBECTULIMHUX pecypCiB.

HaeegeHnin nigxia ycnilHO 3aCTOCOBYBABCS Ha MpakTUUi Yy Npoueci OLiHIOBaHHA BapiaHTIB
Ta yxBarieHHS yrnpaBniHCbKO-EKOHOMIYHMX pilleHb Nig Yac aHanidy Ta ynpasniHHA iHBECTULIMHUMN
noptenamm B pagi KoMepLinHux 6aHkKiB.

Krroyosi crioga: hopMyBaHHS iIHBECTULIMHOIO NopTdens, HeYiTke MOOEeNtoBaHHSA, YXBaneHHS
iHBECTULINHUX pillEHb.
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NMPUMEHEHUE HEYETKUX BbIYUCITIEHUA NPU MPUHATUN PELLEHUIA
O »OPMNPOBAHUN NMHBECTULUNOHHOI'O NMOPT®ENA

HepHoe B. I.
Hopoxoe A. B.
Hopoxoea JI. I1.

[dvnBepcrndukaumsa MHBECTULIMOHHOTO MOPTdENs MOXeT paccmMaTpmBaTbCH Kak OAWMH U3 Cro-
coboB ynpaBneHns MHBECTULMOHHbIMU puckamu. OOHVM U3 BapyvaHTOB peELLeHUs 3TOW 3agauv
asnaetcs nogxoa Mapkosuua. OgHako OH ucnonb3yeT pag NpeanonoXeHu, HeJocTaTOYHO corna-
CyeMblX C peanusiMu MHBECTULIMOHHBIX MpOLEeccoB. Tak, YCrnoBMEe CTaTUCTUHECKOM OOHOPOAHOCTU
He MOXeT bblTb obecneyveHo B pearnbHbix ycrnosusax. ObpaleHne K CybbekTUBHLIM BEPOATHOCTSAM
TaKkKe NPakTUYecKn He yry4dliaeT cuTyaumio.

MNpeanonoxeHo, 4YTO CyLecTBYeT HEKOTOpoe KONMMYeCTBO MPOEKTOB (MHBECTULMOHHbIE
NPOEeKTbl, MPOAYKTOBble NporpamMMmbl, LUeHHble 6ymaru), u3 KOTopblX HeobXxoAMMO MOCTPOUTL
WMHBECTULIMOHHBLIN MopTdens M pacnpegenntb COOTBETCTBYIOLLMM 0BpasoM BrOXEHUS B 3TU
npoekTbl. CBeAeHNss 0 NpoeKkTax MMEeT pacnnbiBYaTbIi XapakTtep Y BO3MOXHOCTU UX YTOYHEHUS
CBfAi3aHbl C HernpueMrnembiMy BPEMEHHbIMU U MaTepuarnbHbIMU 3aTpaTaMu U He rapaHTMpoBaHO
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OOCTWKEHNE HeoOXO4MMOro YpoBHSI onpeneneHHocTu. [onyvaemblie OLEHKM ABMAIOTCA
9KCNEPTHbIMW, HE BCErga MMEKT KOSNIMYECTBEHHOE BblpaXKeHMe, YacTo HOCAT MpUbNMN3UTEnbHbIN
xapakrep.

MpuBeneHo maTtemaTnyeckoe o60CHOBaHME, anropuTM 1 NpakTM4eckas peanusaums peLleHms
NOCTaBfIEHHOW 3aJauyn, paccMaTpmBaeMon Kak HeYeTKUW aHanor ctaTucTMyeckon urpbl. [JaHHas
3agava ccpopmynmpoBaHa B HeYeTkon hopMe 1 NPeAcTaBEHO HECKOMBbKO CNOCOOOB €€ peLleHus.

MpeonoxeH anropytM U pacyeTHO-aHanuTU4Yeckas MeToAuKa MPUHATMS pauMoHarbHOro
peLeHnsa no opMmMpoOBaHNI0 MHBECTULMOHHOIO NopTdens, cBobogHas OT HeJoCTaTKOB APYrux
N3BECTHbIX NOAXOAO0B, AaloLWas BO3MOXHOCTb y4eCTb KPaTHOCTb OAMHAKOBbIX OLLEHOK AOXOAHOCTU
KOMMOHEHT WHBECTULUMOHHOrO noptdend. B KOHe4YyHOM wuTore 3TO MNO3BONMSET MOBLICUTH
000CHOBaHHOCTL pacnpeaeneHns NHBECTULMOHHBIX PECYpPCOB.

MpeAcTaBneHHbIN Noaxod YCMNELWHO MPUMEHANCA Ha MpakTuKe Npu oueHKe BapuaHToB
N NPUHATUN YNPaBEHYECKO-IKOHOMMYECKUX PELLUEHU NPU aHanmse u ynpasfieHMM MHBECTULN-
OHHbIMW NOPTENAMN B pae KOMMEPYECKNX BaHKOB.

Knroueable crosa: hopmmpoBaHme MHBECTULMOHHOIO NOpTAErs, HeYeTkoe MoAenupoBaHue,
NPUHATNE NHBECTULIMOHHbBIX PELLEHWA.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

As is well known, the diversification of the investment The authors propose a solution to this problem, which
portfolio can be viewed as one of the most important ways to  can be considered as a fuzzy analogue of a statistical game [4].
manage investment risks [1]. For a start the authors assume that there are a lot of various

One of the possible solutions to this problem is the  projects (investment projects, food programs, securities, etc.) from
Markowitz approach. Although it was widely used in the  which one has to build an investment portfolio. In other words it is
practice of portfolio management, however, this approach  necessary to properly distribute the investments in these projects.
uses a number of assumptions which badly correspond with The authors also assume that the information about
the realities of investment processes [2; 3]. the projects is vague, indefinite, and at this stage of investiga-

It is obvious, that the statistical homogeneity condition  tions its refinement is time-consuming and costly. And the
cannot be practically achieved in the real economy. Any  present situation cannot guarantee the achievement of the
economic entity or process studied and analyzed in the past  desired (required) level of certainty.
time, and the same object at the moment are, in general, two The resulting estimates can be classified as the expert
different objects of observation and investigation. It is explained  ones and it is not always possible to view them in a quanti-
by the fact that the market environment of a project changes tative form. In addition, quantitative estimates are rather approxi-

over time. Accordingly its market position also changes. mate. This problem set in fuzzy formulation can be solved in
So the risk of losses in a specific business sector will  several ways [5 — 10]. At first the authors propose to consider

fall or rise, but the cause of these fluctuations will actually be  the simplest way.

in the external business environment. All these facts don’t Suppose, there are several projects to form an invest-

allow anyone to speak about statistical homogeneity of the
studied process.

An appeal to subjective probabilities practically does
not improve the situation.

If a probabilistic subjective assessment is made by
only one expert, then the risk of subjectivity and an erroneous ~
forecast significantly increase. In fact, when an expert applies -
subjective probabilities, he refuses from the frequency approach . N
and puts his subjective expectations in the concept of pro- _Suppose also that a set of possible combinations of

- . - these yields has been constructed and expert assessments of
bability, which are largely based on the history and on the —
past experience. At the same time due to the fact that market the probability of these combinations have been identified: pP;,
conditions are unplayable, this prehistory ceases to be
indicative and reliable for further calculations and forecasting.

ment portfolio S = {S it =1LN } . There is also an assumption that

estimates are known for possible incomes in the implemen-
tation of these projects:

@)

i=(M), where M is the number of considered combina-

It is well known that the usage of correlation coeffi-  tions of the portfolio component yields which form a set of P:
cients suggests the immutability for the character of causal _
relationships. However, in actual economical practice this P= {ﬁi;i =11 p}. 2

does not take place. Firstly, both the character and the
relations themselves at the time of the study may be not fully ) o«
defined. Secondly, there is a possibility of significant changes In other words, for the relationship P/S S .S,
under the action of external forces and factors. there is a matrix of probability estimates:
At the same time there have been successful
researches on the application of fuzzy sets to the construction
of investment portfolios.
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The sets (1) and (2) can be associated with linguistic
assessment of their possible values. Thus, for the possibilities of

the implementation of P one can consider L, =(I, :i=11,),

M, = {ﬂ'm (Z)/Z}, and respectively, for yield C one can con-

sider: L :{Ic‘j U :1,Jc} and M. :{uc‘j(y)/y: i :1,Jc}.

For simplicity, it is assumed that z € [0,1] and y € [0,1].
For variable z this condition is quite natural, since it is a matter
of probabilities. For variable y its belonging to the interval [0,1]
indicates the need to pass from the absolute scale to a re-
lative one. For simplify of presentation it is assumed that the
set L, consists of 3 elements:

L, = < small, medium, large > = < §, M, B > (as
shown in Fig. 1, on the left), and correspondingly L. consists
of 5 elements:

L. = < small, less than medium, medium, more than
medium, large > =< S, LM, M, MM, B > (as shown in Fig. 1,
on the right).

Figure 1. Membership functions for linguistic
probability estimates (left) and yield (right)

Triangular membership functions (Fig. 1) were chosen
for reasons of simplicity and only for elementary graphi-
cal representation. Estimates presented in Fig. 1 can be
constructed in various ways. Let us consider some of them
with the assessment of yield taken as an example.

The first variant is that the investor's experts indicate

the boundaries of a possible yield [ Y min+ ¥ max ]. Then, within

this interval we can define subintervals, which, according to
the experts' opinions can match the selected linguistic esti-
mates, such as those indicated in Fig. 1.

If computer software and a corresponding information
system have been developed for the solution of the problem,
then interactively appropriate membership functions can be
constructed on the respective subintervals based on the
established rules. They can be defined either by an expert, or

96

selected from a set proposed by the mentioned
software system. After that, it is converted to a
relative scale.

Another variant may be illustrated by Fig. 2.

Yi
|
B )
|
| |
MM |
| |
M b I
I |
| |
LM |
| |
s I _

1

bl }

0 Y min
Yist) Y(s2) ), Y(s9) Y (ga)Ymax

Figure 2. The graphical method of transition from
the numerical estimates of yield for components
of the investment portfolio to linguistic assessments

In this figure Y(S;) is the numerical assessment of yield
of the i-th component of the investment portfolio, i = 1,2,3,4;
Y(s,) =S, Y(s,) > LM, Y(s,) > M, Y(s,) >A is the lin-
guistic evaluation of components of the portfolio (the thick
lines show the type of the membership function for
Y(s;) = LM,

In the general case the conversion function can be
nonlinear as well. As a result, the matrix (3) will contain only
linguistic evaluations for a four-component portfolio. It may
be, for example, as shown in Table 1.

Table 1

The numerical example
of a utility matrix for a four-component of portfolio
(the calculations are done for a special environment
for operations with fuzzy numbers
and variables named Fuzicalc)

A B | C | D | E | F | G
53 I probability __ assessments of proftabilty for components of the investment partfolio.

54 P45 51 52 {53 54

ki
B
MM
S
5
M

ZiT

L]
w
mimizizicim
winizizimim
TIZZIZIZiI™
niZiniEiZim

A solution to the problem consisting in determining the
coefficients of proportionality for components of the invest-
ment portfolio can be carried out as follows. For each column

S j=1 N iscalculated W, ; = B, AC; =min(p,,C;),i=12.m,

ief,m]
Then

W, :U W, = m?x[vT/ij] 4

is found (Fig. 4).
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For each component of the planned investment

portfolio §; the estimate W; is a fuzzy set with the corres-
ponding membership function (Fig. 3).
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Figure 3. The resulting membership functions

The aggregate Wj can be considered as the vector of
priorities W ={w; : j=1 N}, by which it is possible to evaluate
the distribution of funds to the components of the portfolio.

However, the direct use of the vector W is rather
difficult, so it is possible to use the following variant. For all

the fuzzy sets Wj the coordinate of the center of gravity of the

figure bounded by the membership function 4 (2) is calcu-
lated by the following formula:

Z/le (z))z;

CG. =—5——.
: Zﬂwl (z;)

®)

As a result, one can get a not normalized vector of
priorities CG ={CG; : j =1, N}, which may be converted into a
normalized one, if one calculates the values:

CG,

CGl=— .
>.CG;
]

(6)

These values can be considered as the coefficients of
proportionality for the allocation of funds for components of
the investment portfolio.

The considered method does not account for the mul-
tiplicity of identical ratings.

However it is clear that the alternative which has a
larger number of identical high ratings (of course, if these are
not losses) is more preferable than other alternatives with
a fewer number of these estimates or a bigger number of lower
estimates.

This multiplicity can be taken into account as follows.

After the values CG]j have been calculated the multiplicity of
the same estimates located to the left and to the right of the

average estimate must be determined. Then the coefficient of
multiplicity is calculated:

K:1+M,

7
kL+kR ()

97

where Kk_ is the multiplicity of the same
estimates on the left of the average estimate;

kg is the multiplicity of the same estimates on the right
of the average estimate.

Taking into account the multiplicity coefficient, one can
calculate the modified value as:

CG}' =K CG; . @)
Obviously, if the estimations on the right prevail, the
value of CG| is shifted in this direction and K > 1. The

predominance of the left estimations corresponds to the value
K < 1, which defines a corresponding shift of CG} .

Table 2 shows the results of calculations for the matrix
of the linguistic estimates presented in Table 1.

The calculations were performed both without taking
into account the factor of estimates multiplicity and taking
them into account.

The results are quite consistent with the character of
the initial data and the estimates obtained by the relation (4)
given in Table 1, Fig. 2.

Note the effect of the multiplicity of similar estimates,
which led to an increase in the coefficient of proportionality of
the third component of the investment portfolio. It is also quite
consistent with the initial data.

The research on the influence of the form of the
membership function on the final results showed that this
effect takes place. However, in both cases (without account-
ing the multiplicity of estimates, and when it is taken into
account) changes in the ownership share in the portfolio are
not cardinal.

Table 2
The calculation results

for the matrix of linguistic evaluations
(calculations were made in the Fuzicalc environment)

A | B C | b E | F G H
87 ! EffPeak : :

0743443 DE95654]  0.23909}

KI[.33]= 0
Ki[z3)= 3

K\[.s2]=
Kils2)= 3

91 | Kis1)=
92 | kifs1)= 2
93 | kk= 0.8
94 | Eifeakkk 04

Klis4)= 2
Ki[zd)= 2

13013
_él'l'_\El_'ITD:DﬂfUﬁU w@h: nul
044219

047

9% | oo
97 0

102

The disadvantage of the proposed method is the use
of the operation of intersection in the construction of fuzzy

sets W; .
It is a quite possible situation, when some Wij =D or
in an extreme case for some j-th component of the portfolio all

Wij =0, Nevertheless, this result does not mean that the cor-

responding component of the portfolio should unequivocally
be deleted from further consideration.
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To resolve this situation, instead of the operations of
intersection one can use another operation defined as the

shadow of a fuzzy set Sh(;&, §) .

The shadow of the fuzzy set A to the fuzzy set B
must satisfy the following requirements: Sh(4,B) is the fuzzy
set; Sh(Z,E) = ;1; Sh(ﬂﬁ) =0, if at least one of the sets A

or B is empty or the sets A and B are orthogonal.
The procedure for constructing the shadow of the fuzzy

set A to the fuzzy set B can be defined as follows (Fig. 4):

sh, (A, B) ={lutz (¥), 11 1Ly, X' = F (I},

CG[uz (X)]
f 73
where T(¥)= Colu (y)]

CGlu B (X)], CG[u A (y)] are the coordinates of the
centers of gravity of the figures which are bounded by the
membership functions u A (y) and u & (X);

@ is the functional which sets the way for the trans-
formation of the membership functions.

is the projection function;

Fig. 5 shows the membership functions of fuzzy esti-
mates of the probability and the components of the invest-
ment portfolio, which were used in the further calculations.

e (0)

+

My (¥ v

Hy (}'r)

H5(%)

| ;uE(.\'I//\

Ly ) B

N

Figure 4. The geometric representation
of the operation "the fuzzy set shadow"

1 x X

: fuzzy es.tlmates of the com.ponents of the |n_\,{z_e:§tmgp!__pg_r_tf9_lgq___

1.0 : zzv 'es_1ir'na'1é.5 of the .prbbabilif\_v
ST LT
05 T i RN
r"\ e ! / ) \
. .
0= } 4 [ .
0 05 1 ne ! !
0 05 1
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CGLuy  (¥)]

(y)= m is the

projection function,
X e [0,1],y € [0,1];
CG(,uELJ (X)),CG(u5 (Y)) are the coordinates of the

centers of gravity of the figures which are bounded by the

membership functions A, (Y),,Uei,j (x);

@ = min is the used functional which gives specifying
transformations over the membership functions.

Then W U W = max[ .,] is found.

The results of the transformations according to Table 1
and Fig. 5 with the use of the relations (9) are shown in Fig. 6.

56 51 H 52

63 53 é : U5y

65
" BB |05 osd S YT
-1 i1/ =11/,  —
—a 0o 0.0 +~—————1——— [

025 0a 075 1 o 08 1 e

69
70

Figure 6. The membership functions of the resulting
estimates for components of the investment portfolio

Further calculations are carried out according to
equations (6 — 8) in the program tools Fuzicalc, and their
results are given in Table 3.

Table 3

The calculation results for the matrix of linguistic evaluations
(calculations have been made in the Fuzicalc environment)

coeff:cxents of propomonamv for componems of the investment portfolno
52 53 i

0.246747; 0.310843; 0.221205,

i coefficients of multiplicity of ratings |

0.8 15 2 1

; coefficients ot propomonahtv for components of the investment portfolio with multlphcmes of ratings

: 0. 12?558 0.266205,  0.4471 4 0. 159099 i

0.13); (0.26)! [0.45]; (0.16];

L 0221205,

Figure 5. Membership functions of fuzzy estimates of the
probability and the components of the investment portfolio

The sequence of computations used in the operation
"the fuzzy set shadow" is as follows. For each column Sj,

j=1N one calculates:

W, ; =Sh (p;,C ;) ={elu; (V) s, GOy, X' = T (N1} (9)
where 1 =12,...m i e[l, m];

The comparison of the results given in Tables 2 and 3
shows their obvious qualitative coincidence.

The difference in the numerical values can be explain-
ed by the fact that the use of the operation Sh provides for
a fuller taking into account all the aspects of a decision-ma-
king situation.

The proposed method of the investment portfolio
formation is not only free from the shortcomings of other
known methods. It also gives the opportunity (unlike other
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methods) to take into account the multiplicity of identical
estimates of the yield components of the investment portfolio.
The described method also makes it possible to
increase the validity of the allocation of resources. In practice,
this method has been successfully applied to the evaluation of
various options for portfolios in some commercial banks.
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